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PREFACE 

The 1956 ARDC MODEL ATMOSPHERE, defined and tabulated t o  542,248 meters 
or  1,850,870 f e e t  i n  t h i s  A i r  Force Survey i n  Geophysics, has been prepared i n  
9 a r t i a l  fu l f i l lment  of ARDC Technical Requirement 40-56. This MODEL i s  t o  be 
zsed a s  t he  bas i s  f o r  engineering and design work performed within ARDC and by 
5% contractors,  insofar  as t he  work requires  t h e  use of a model representing 
fhe  average condition of atmospheric proper t ies  within t h e  a l t i t u d e  l i m i t s  of 
%is NODEL. 

This MODEL A'ZNOSPHERE i s  designed t o  be used f o r  t he  same purposes a s  a 
standard atmosphere, For some of these  purposes t h e  MODEL should serve i n  t h e  
Zcllowing ways: 

1, A s  a reference atmosphere t o  be used i n  calcula t ing f l i g h t  performance 
of a i r c r a f t .  

2, A s  t h e  bas i s  f o r  ca l ib ra t ing  barometric al t imeters,  where observed 
departures of atmospheric proper t ies  from t h e  values of t h e  MODEL 
provide t h e  means f o r  computing a l t imete r  correction.  

3, A s  t he  bas i s  f o r  b a l l i s t i c  t ab l e s  where t h e  observed departures of 
' t h e  atmospheric proper t ies  from t h e  values of t h e  MODEL provide t h e  
bas i s  of corrections t o  be put i n t o  gunnery and bombing computers. 

4. AS a time average of t h e  a c t u a l  physical  conditions ex i s t ing  a t  
various a l t i t u d e s  f o r  a i r c r a f t  engineering and design purposes, 
and fo r  use i n  solving geophysical problems. 

It should be emphasized, pa r t i cu l a r l y  i n  regard t o  item 4, t h a t  t h i s  
FIODEL most probably w i l l  never completely match t he  ac tua l  atmosphere, and may 
only r a r e l y  approximate t h e  average value a t  a l l  a l t i t u d e s  simultaneously, 
While t h e  proper t ies  a t  some a l t i t u d e  may exactly f i t  t h e  values of t he  MODEL 
a t  any i n s t an t ,  t h e  proper t ies  a t  other a l t i t u d e s  simultaneously may depart  
d r a s t i c a l l y  from tabulated values. The grea tes t  percentage departures probably 
occur a t  t he  higher a l t i t udes ,  Maximum and m i n i m u m  pressures a t  120 km, f o r  
example, may d i f f e r  by a s  much a s  a f ac to r  of 3. Neither t h i s  MODEL nor anv 

- U 

other calcula ted model w i l l  accurate ly  depic t  t h e  t o t a l  atmosphere a t  any par- 
t i c u l a r  moment ,, 

The t ab l e s  and gr'aphs of t h i s  MODEL approximate t he  be s t  average of avai l -  
ab le  temperature, pressure, and density data, compiled and processed under Project  
7603, 'YAtmospheric Standardson The taS les  a r e  a l so  consistent  with t he  recent ly  
adopted Extension t o  t h e  United S t a t e s  (ICAO) Standard ~tmos~hereSOs51 (1956) 
which was prepared concurrently under t h e  same pro jec t .  Both a r e  consisfi- 
ent  with t he  basic  proper t ies  of t he  Internat ional  C iv i l  Aviation Organization 
(ICAO) Standard ~tmos~here26-28 adopted by t he  United S t a t e s  on November 20, 195'2- 



-- - r e  izb'ss of t h i s  MODEL pa . r t i a l ly  dupl icate  t h e  t ab l e s  of t h e  ICAO Standard 
1 '-9=-'"n -. -. . - ---"- e, {in t h e  a l t i t u d e  region of -5,000 t o  +20,000 geopotential  meters), 
=_I_:?--:g? t h e  t ab l e s  of t h i s  MODEL a r e  given i n  l a rge r  inc rments ,  This p a r t i a l  
---- :,--2czlion i s  desi rable  and necessary, not only f o r  t he  sake of continuity, but  
-=-.--. q =  %is NODEL includes values of seven addi t ional  altitude-dependent prop- 
=-- ---:=> -- got f o ~ r , d  i n  t h e  ECAB Standard: Acceleration of gravity, s ca l e  height, 
r .z l sc72ar  wsight, p a r t i c l e  speed, number density, mean f r e e  path, and c o l l i s i o n  
- ',-0--'-4P :- -u L "--:ze 

?I:?.. LWC MODEL d i f f e r s  from t h e  standard atmosphere not only because of 
::?e g r s i t e r  a l t i t u d e  of t h e  former but because t h e  MODEL i s  intended t o  be re- -- =.- =,-? a m u a l l y  and modified a t  any time, if necessary, t o  r e f l e c t  signLficant 
s:?z--g:?..s i n  thinlting brought about by more r e l i a b l e  atmospheric data.  

We wish t o  acknowledge t h e  ass is tance of t h e  several  members of t h e  Geo- 
-:?.-sics - c Research Directorate  who par t i c ipa ted  i n  various ways i n  t he  preparation 
-2 %his  survey: D r ,  R n  Penndorf and M r ,  M, Dubin f o r  helpful  suggestions and 
cm-7  , a s e l ,  and Mr, L, R,  Shedd. f o r  h i s  expeditious handling of mar-y de t a i l s .  
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We a r e  especially indebted t o  two subcommittees of t h i s  Working Group: 

The f i r s t  subcommittee, consisting of Dr.  He Mewell, D r ,  H, Kallman, 
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a l t i t ude  p ro f i l e  between 130 and 300 kilometers, and made recommendations 
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The second subcommittee, consisting of M r .  L, Po Harrison, M r .  We J o  
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manship expedited the  accomplishment of the  Working Group, and t o  M r ,  No Sis- 
senwine who in the  capacity of Executive Secretary handled a flood of de ta i l ,  
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ABSTRACT 

A r e a l i s t i c  model of atmospheric properties based on r e l i ab le  observa- 
t ions and current theories is  presented. 

:n c 
a re  
sion 
sczl 
fo r  
ml i  : .  

Fifteen atmospheric prcperties a r e  discussed and tabulated, th i r teen  
50 500 k m  and two t o  only 90 km. The values of these properties a r e  in te r -  
na l ly  consistent through c lass ica l  equations, and a re  dependent upon (I) ,  a 
5ef ined, l inear ,  segmented, molecular-scale temperature function, (2) a mol- 

.ar weight function, and (3) an acceleration of gravity function. Values 
,welve physical constants required i n  the computations a r e  adopted a s  
t. Internationally agreed-upon, exact transformation factors  a r e  employed 
onverting from Metric t o  English units. Both Metric and English tables  
presented, and computational procedure is discussed. A thorough discus- 
! of geopotential a l t i tude ,  effect ive radius of the earth, and molecular- 
.e temperature is  given. The r e l a t ive  virtues and va l id i ty  of two methods 
computing the  acceleration of gravity a re  discussed, The concept and 
d i t y  of the  various properties as  applied t o  high a l t i tudes  a r e  considered 

zrlefly.  



THE ARDC MODEL ATMOSPHERE 

1956 

( ~ a b l e s  and Graphs f o r  h l t i tudes  t o  542,686 Meters or  1,850,870 Feet) 

1 Introduction 

1,l Background and Early History of Standard Atmospheres 

Standard atmospheres have been used f o r  nearly a hundred years f o r  
=<-;hetry purposes. The ea r l i e s t  of these were very simple and were based on 
zz isothermal atmosphere, With the development of a i r c r a f t  and precision a r t i l -  
1 : ~  during the  First World War, 194-1918, the  need f o r  more extensive atmos- 
- ,..--Fc -- =* tables  f o r  aeronautical and b a l l i s t i c  purposes became apparent, Atmospher- 
5 2  5emperatures were measured a t  various locations i n  southern and western Europe, 
Zz-sral functions approximately f i t t i n g  these temperature data were proposed and 
- -  ---- = 4 i n  various countries f o r  deriving an ana ly t ica l  expression f o r  atmospheric 
~ ~ z s s u r e  and density, No enerally agreeable function was proposed, however, 
---- 
- - -- 5 - -  .L1 1919 when ~ o u s s a i n t k  suggested a segmented s t raight- l ine function a s  the 
- .==Ls f o r  an internat ional  standard, ToussaintQs temperature function was de- 
ik-4 by a value of 15 degrees Celsius (OC) at  sea level,  a constant gradient of 
- .3^55oC per meter from sea l eve l  t o  11,000 meters, (m), (yielding -56 , ~ O C  fo r  
1 , 2 3 0  m), and a constant gradient of zero degrees per meter from 11,000 m t o  
13,330 m a l t i tude .  

1.2 F i r s t  U, So Aeronautical Standard Atmosphere 

The Toussaint formula with minor variations has remained the  basis  
r ^ : ~  a l l  major aeronautical standards prepared f o r  the  0 - 20 km a l t i t ude  r e  ion, 
T--tse include the  f i r s t  United States  Standard Atmosphere prepared by Gregg51 i n  
1 - 2 2 ,  and the modification,extension, and amplification of the Gregg standard 
; ~ q a - e d -  by J3iehll-k i n  1925. Neither of these agreed exactly with the  Toussaint 
r-=?osal, however: Gregg terminated h i s  analyt ical ly  derived atmosphere a t  
-3 1-m a l t i t ude  although he presented observed data t o  20 km; Diehl extended the  
zz2:rtical atmosphere t o  20 km but established the  tropopause a t  an a l t i t ude  of 
:-, '69.23 m (65,000 ft) with a temperature of - 55 '~~  instead of a t  11,000 m and 
=55=50C9 as  suggested by Toussaint, Thus Diehlns stratosphere, 10,769.23 m t o  
Z> 200 m, was warmer by l,S°C than t h a t  used by Toussaint. 

~ r o m b a c h e r ~ g ~  amplified the Gregg Standard Atmosphere i n  1926 and 
.-gzLn i n  1935 by adding tables  of a l t i t ude  a s  a function of pressure f o r  a l t imetry 
: - ~ ~ o s e s .  



1.3 F i r s t  International Standard 

In  1924 the International Committee on A i r  Navigation ( I C A N . ) ~ ~  prepared 
an internat ional  standard atmosphere based exactly on Toussaintus temperature- 
a l t i t ude  function. This standard was adopted throughout most of Europe, It was 
never adopted formally by the  United States, however, because of two small but 
basic differences between t h i s  and the Diehl-U. S. Standard, 

Ln addition t o  using different  a l t i tudes  and temperatures f o r  the t ro-  
popause, the  ICAN and U. S. Standard also used different  values f o r  the acceler- 
a t ion  of gravity a t  sea level,  9.8 and 9,80665 respectively, These differences 
prevented United States  and European agreement on a standard atmosphere u n t i l  
1952 when a new internat ional  organization, ICAO, reached a compromise, 

1.4 ICAO Standard ~ t m o s ~ h e r e ~ ~ - -  New U. S. Standard 26,U 

Between June 1950 and November 1952 the  International C i v i l  Aviation 
Organization (ICAO), of which the United States  was a member, proposed and 
adopted a compromise standard atmosphere i n  which the  United States  standard sea- 
level. value of gravity, and the  ICAbJ values of tropopause a l t i t ude  and tropopause 
temperature were employed. This ICAO Standard Atmosphere was formally adopted 
as  the  United Sta tes  Standard Atmosphere by NACA vote on 20 November 1952. 

1,s High Alti tude Nodels -- Warfield, Grimminger 

The a c t i v i t i e s  of ICAO emphasized internat ional  agreement and refine- 
ment of atmospheric tables  within the a l t i t u d e  range of existing standards; i , e * ,  
sea l eve l  t o  20,000 meters a l t i tude .  The ICAO did not concern i t s e l f  with high 
a l t i t ude  tables .  The advances i n  aeronautics and b a l l i s t i c s  during and since 
World War 11 resulted i n  demands f o r  atmospheric tables  t o  much greater a l t i tudes  
In 1947 these demands were met i n  par t  by Warfieldgs '$Tentative Tables fo r  t h e  
Properties of the  Upper ~tmos~herenS2 which depicted the  atmosphere t o  120,000 
meters a l t i t ude  and which were desi  ned t o  be a continuous extension of the  
tables  of the  Diehl-U. S. Standard$ a t  20,000 m a l t i tude .  The Warfield tables  
vere based on the  best  1946 estimates of atmospheric temperature, and considered 
the  variations of molecular weight of a i r  and the acceleration of gravity with 
increasing a l t i tude .  

The 120 km a l t i t ude  upper E m i t  of the Warfield tables  was inadequate, 
however, even before the publication of the  report, and ~ r i m n i n ~ e r ~ ~  i n  1948 
published tables  of atmospheric properties t o  a l t i tudes  of over 8,800 km. These 
tables  were essent ial ly  i n  agreement with the  Warfield tables  up t o  120 km and 
were based on the  best 1947 theoret ical  and experimental data. 

1,6 New Data from Rocket-Borne Experiments 

Simultaneously with the preparation of the  Warfield and Grimminger 
taSles, a-new research tool,  t he  upper a i r  sounding rccket, was beginning t o  be 
exploited, This new device permitted making measurements of the atmosphere by 



5-set probing methods not previously possible.  The new data compiled i n  1952 
z s  %e Rocket Panel ~ t m o s ~ h e r e b s  indicated t h a t  pressures i n  t h e  Marfield and 
SF:-~inger t ab l e s  were 2 times higher than observed a t  70 km, 5 times higher than 
:-:s?rved a t  90 km, and over 10 times higher than observed a t  920 km. These dis-  
. r rqancies ,  p lus  t h e  f a c t  t h a t  t h e  Warfield t ab l e s  were no"Jontinuous with t h e  
L =.- -- - - .. l;, adopted ICAO Standard, i n i t i a t e d  t h e  preparation of t h i s  extension of t h e  
13.:-0 Standard t o  high a l t i t u d e s .  

1.7 Extension t o  t he  Standard Atmosphere 

- .  In November 1953 t h e  Geophysics Research Directorate,  Air Force Gam- 
- .--?<e -- Research Center, of ARDC, USAF, together with t he  U. S. Weather Bureau 
- -, -n ,_-sored a three-day "Open Meeting on Extensions t o  t h e  Standard Atmosphere, ~3-'iP 
f:s??ard atmosphere requirements and s c i e n t i f i c  data  supporting various models 

6 ! presented. Brombacher presented a Standard Atmospliere proposal which was 
accepted because of an un rea l i s t i c  s t ra tosphere  and because t h e  constant 
"ity assumption employed was inconsis tent  with t h e  ICAO Standard and t h i s  - - - - 7  -==-nption introduced e r ro r s  i n  t h e  analysis .  A Working Group on Extension t o  

- - s  Standard Atmosphere (WGESA) was  appointed t o  recornend t h e  temperature- 
=L:thde p r o f i l e  and other  constants necessary f o r  t h e  preparation of t he  desi re6 
EX snsiono 

The discussions of the  f i r s t  meetingla of t h e  Working Group d e a l t  prin- 
-' - l l y  with t h e  temperature-altitude p r o f i l e  i n  t h e  20 t o  53 kilometer region. 

era tures  wsre a l so  recommended f o r  t h e  region between 53 and 83 km, although 
e .rrere replaced by s l i g h t l y  d i f f e r en t  values a t  a l a t e r  meeting. Recommen-. 

-:--ens were a l s o  made a t  t h i s  f i rs t  meeting regarding t h e  atmospheric propepties - - - 5 e  included i n  t he  standard. Differences of opinion existed on t h e  manner 
:I zccounting f o r  var iab le  gravity, and some conf l i c t ing  recommendations resu l ted  
- -_- -- -._ t h i s  meeting, 

The task  of preparing t h e  t e x t  and t ab l e s  fo r  t h e  extension t o  t h e  
S:F-2ard Atmosphere was assigned t o  GRD ( ~ e o p h ~ s i c s  Research Directorate) .  The 
r 5- mtnendations were studied, and M i n z ~ e r  40 prepared a paper, 'Three Proposals 
i:? TJe S. High Al t i tude  Standard Atmosphere, which was pressnted a t  t he  second 
- . .=- ,ing19 of t h e  Working Group. Each of the  t h r ee  proposals suggested a d i f -  
fs re>t  method f o r  handling t h e  acce le ra t ion  of g rav i ty  and molecular weight as 
Tiables i n  t h e  hydrosta t ic  equation. Only one of these  t h r ee  proposals w a s  
- _ --- - - -> i s ten t  with t h e  ICAO Standard Atmosphere and t h a t  one, using geopetential  t o  
= -d43unt ern f o r  var iab le  gravity,  and molecular-scale temperature t o  account f o r  
- r i a b l e  molecular weight, was adopted by t h e  Working Group, 

Preliminary t a b l e s  of atmosgheric proper t ies  t o  130 prepared a t  
were t en t a t i ve ly  adopted a t  t h i s  meeting, These t ab l e s  were consis tent  
t h e  temperature-alt i tude funct ion t o  53 km recommended by t h e  Worlting 

"--i.p and consis tent  with t h e  temperatures of t h e  Rocket Panel Atmosphere above 
a l t i t u d e .  A subcommittee was agpointed, however, t o  make recomendatiocs 

erning molecular weight and temperatures f o r  extending t he  Standard Atmas-= 
= e t o  300 km a l t i t ude .  



This subcommittee met with several  consultants and then agreed upon 
ce r t a in  boundary conditions f o r  oyygen and nitrogen dissociat ion,  as well  as 
f o r  atmospheric temperature, Using these  boundary conditions and a l l  t h e  
ava i lab le  atmospheric pressure, temperature, and densi ty  data above balloon 
a l t i tudes ,  two separate  proposals were prepared, one a t  Rand ~orporat ion34s35 
and t h e  other a t  GFUl.42 

The Rand proposal assumed a densi ty-a l t i tude function and a molecular 
weight gradient  a r b i t r a r i l y  r e l a t ed  t o  t h i s  densi ty  function. From these, t he r e  
was derived a nonlinear temperature-altitude p r o f i l e  with no discontinuous f i r s t  
o r  second der ivat ives .  

The GRD proposal, i n  keeping with previous Working Group recomrnen- 
dations, assumed several  constant gradients of molecular-scale temperature f o r  
as many a l t i t u d e  regions. These gradients were chosen t o  y i e ld  values of pres- 
sure  and density consis tent  with t h e  average of observed values of these  proper- 
t i e s  below 160 km a l t i tude ,  and consis tent  with current  estimates of these  
proper t ies  a t  higher a l t i t udes .  Molecular weights39 were computed from dif fu-  
s ion  theory and t h e  agreed-upon boundary conditions. The GRD proposal was  
adopted a t  t h e  t h i r d  and f i n a l  meeting20 of t h e  Working Group, 

A summary of t h e  adjusted  recommendation^^^ resu l t ing  from t h e  t r e e  1: meetings of t he  WGESA was prepared. A supplemental s e t  of recommendations 3 
on previously unresolved questions was a l so  prepared. Within t h e  framework 
of these  recommendations, t h i s  ARDG MODEL ATMOSPHERE and t h e  Brtension t o  t h e  
U. S. Standard Atmoqhzre have been pre2ared. 

2, Systems of Al t i tude Measure and Related Parameters 

I n  accordance with agreements concerning publ icat ion of in te rna t iona l  aero- 
l og i ca l  tables30 and i n  keeping with t he  exis t ing United S ta tes  (ICAO) Standard 
Atmosphere, t h e  basic  a l t i t u d e  parameter of t h i s  MODEL is  taken t o  be geopo- 
t e n t i a l  H, expressed i n  standard geopotential  meters, m' .  Supplemental t o  t h e  
exis t ing (ICAO) United S t a t e s  Standard, t h i s  MODEL has been prepared with 
p a r a l l e l  tabula t ions  in i n t e g r a l  values of both geopotential  and geometric 
a l t i t u d e  measure so t l u t  t h e  values of tabulated proper t ies  a r e  given f o r  both 
i n t e g r a l  geopotential  and i n t e g r a l  geometric kilometers. 

The re la t ionsh ip  between geopotential  and geometric a l t i t u d e  depends 
d i r e c t l y  upon t h e  value of t h e  accelera t ion of g rav i ty  a t  sea l e v e l  a t  a par- 
t i c u l a r  a l t i t u d e  and upon t h e  var ia t ion  of t h e  accelera t ion of g rav i ty  with 
a l t i t u d e  and la t i tude .  The de f in i t i on  of t h e  spec ia l  un i t  of geopotential  used 
i n  t h i s  MODEL i s  a l so  r e l a t ed  t o  the  spec i f ic  sea-level  value of gravity, 
adopted by ICAO and used i n  t h i s  MODEL, Therefore, a digression i s  made t o  
present a de t a i l ed  discussion of the  accelera t ion of g rav i ty  before geopotential  
i s  discussed fu r ther .  



2,1 Acceleration of Gravity 

2 1  Sea-level value 

The sea-level value of the acceleration of gravity used i n  
-32s MODEL i s  defined t o  be 9.80665; m sec-2 exact+ . This value was or iginal ly  
zxounced by Defforges and ~ubanski l3  a t  the 1891 meetings of the International 
Zxx i t t ee  on Weights and Measures as  the best  value f o r  bSO la t i tude ,  Since 
:::?n, it has been used by physicists and others as  an arb i t ra ry  standard and 
--2s recently adopted as  an internat ional  standard i n  the  ICAO Standard Atmos- 
:??re. It has long been recognized, however, tha t  t h i s  value of g s not correct 
L z  Ls0 la t i tude  but rather  i s  the  value for  450 32' LO" l a t i t u d e . 2  This cor- 
:zz;pd l a t i t ude  i s  the  one t o  which a l l  tables  i n  t h i s  MODEL apply. 

2,1,2 Altitude variation - c la s s i ca l  expression 

The variat ion of the acceleration of gravity with geometric 
=L?ltude is  c lass ica l ly  expressed by the  equation 

g = the acceleration of gravity of a point ( in  m secn2), 

Z = the  geometric a l t i t u d e  of the point ( in  m), 
' 

= the  sea-level value of g a t  the  l a t i t ude  $ of the  point 
g@ ( in  m secW2), and 

*P = the  radius of t h e  earth a t  l a t i t ude  $ . 
- 
:- I t s  fundamental form t h i s  equation applies rigorously only f o r  a nonro- 
- - - - -  =.L-g sphere composed of spherical she l l s  of equal density, The earth, how- 
-- -- 
- . - i s  def in i te ly  not spherical; furthermore, i t s  rotat ion introduces cen- 
-x_ ' -~gal .acce lera t ion  which varies with l a t i t ude  and which increases with - .  - - -  --.-'ude, The sea-level value of the centrifugal acceleration a t  any selected 
- .  - --  -- -- .- -2de may be accounted for,  in equation ( l ) ,  by the  proper choice of an 

- - 
=:zsc%ive value of gd, The increase of centrifugal acceleration with increas- 
- - -  
--5 z l t i tude  i s  not accounted f o r  i n  the  simple unadjusted inverse square law, 
- - - -  
-31? describes only the  decreasing Newtonian component of the effective value 

- 1 Hence, values of g computed from equation (1) become increasingly in- 
- - ----SL =..--be as  a l t i t ude  increases. An adjustment of the  value of ra t o  an effect575 

- .  _ -  " = Z Z : : ~  constant 



radius, however, was found to  great ly  improve the  va l id i ty  of tha t  equation even 
a t  a l t i tudes  a s  great as  500 km. 

2,1,3 Effective ear thus  radius 

~ a r r i s o n ~ ~ ,  using a suggestion by ~ a m b e r t ~ ~ ,  developed an  ex- 
pression fo r  an effect ive earthes radius as  a function of la t i tude ,  This ef- 
fec t ive  radius is derived i n  a manner consistent with t h e  effective sea-level 
value of g a t  l a t i t ude  , and consistent with the  ve r t i ca l  gradient of g a t  
t h e  given l a t i t ude  (neglecting loca l  anomalies), assuming the  Int ernational 
Ellipsoid represents the  f igure of the earth,  The value of effect ive earth's 
radius a t  4S0 32 LO", computed f ram Harrison's equation (given i n  Appendix M) 
is 

r = 6,356,766 meters 

which, f o r  purposes of t h i s  MODEL, w i l l  be considered a s  an exact constant. 

l Computational equation 

The exact form of the  equation used t o  compute the acceleration 
of gravity and t o  r e l a t e  geopotential t o  geometric a l t i t ude  in  t h i s  HODEL is 

where 

g = the  acceleration of gravity i n  meters per second squared, 
(m set-2) a t  a l t i t ude  Z and at  l a t i t ude  45'' 32 "0 '5 hereafter, 

go = 9,80665 m sec-2 (exact)+, the  sea-level value of g at 45' 32 40" 
la t i tude,  and 

t 

r = 6,356,766 m (exact)?, the effective earth 's  radius a t  l a t i t u d e  
4.5' 32 t 40". 

(For purposes of t h i s  HODEL, t h i s  equation i s  assumed t o  apply i n  f r e e  a i r  
below sea leve l  a s  well a s  above sea level.)  

2 ,lo 5 Best available analyt ical  expression 

A more exact equation fo r  g as a function of Z and Jd i n  f r e e  
a i r ,  based d i r ec t ly  on the International E l  1 oid and the  International 2-58 Gravity Formula, was developed by 1aambert3 3 i n  the  form of an in f in i t e ,  

$ Basic constant 



~ l t e r n a t i n g  power ser ies  (see ~ ~ ~ e n d j x : ~ ) .  The values of g computed from equa- 
5icn ( la)  a re  i n  good agreement with those computed from Lambert 's more exact 
$;uationo For an a l t i t ude  of 500 km the  value of g from the two methods d i f fe rs  
znly by 3 par t s  i n  the  f i f t h  significant figure, or  l e s s  than 1/1000 of 1 per - --nt ,  = For lower a l t i tudes  the agreement i s  much bet ter .  Values of geopotential 
=rmquted f o r  specific values of Z on the  basis of equation (la) a r e  also in  
zzod agreement with corresponding values of geopotential computed on the  bas i s6  

he more exact equation f o r  g, The percentage departures a r e  similar. The 
I exact expression f o r  g was not employed in this MODEL because of i t s  much 
t e r  complexity. In  the  Uo So Standard Atmosphere, the tables  w i l l  be 

~2computed by machine and w i l l  be based on the  more exact equation. 

2,2 Relation of Geopotential t o  Geometric Alti tude 

2.2,l Basic def ini t ion of geopotential 

The geopotential of a point i s  defined as the  increase in 
- , - - = t i a l  -- - energy per unit mass l i f t e d  from mean sea l eve l  t o  t h a t  point against 
- -. 2 Zorce of gravity, 

2.2,2 Analytical development 

The increase i n  potent ia l  energy of a body l i f t e d  against the 
: : z s  3f gravity, from sea level, through a ve r t i ca l  distance t o  a given point 
- :. -- - 

A E = increase of potent ial  energy over t h e  sea-level value, i n  joules, 

rn = mass of the body in kilograms, kg. 

- _ - : g ~ c ~ o t e n t i a l  of t h a t  point A E / ~  is therefore: 

a. = j g d z .  
m ( 2 4  

- =+::otential - - i s  given a special  designation, H, with special  units, we 
- - -- . - *  --  - .  

GH=-- AE - / w 9  
rn (2b 1 

GdH = gdz, ( 2 4  

~ - 
. - 

(2d) 



where 

H = geopotential (in unspecified units),  and 

G a a proportionality fac tor  depending upon the uni ts  of He 

When B i s  i n  units of joules kgnx or  equivalently i n  rn2 secm2, G is nondimensional 
and unity, If H i s  expressed i n  some other units, standard geopotential meters 
f o r  example, t h e  value and dimensions of G must be correspondingly changed, 

2,2,3 The standard geopotential meter 
26-28 

The basic u n i t  of geopotential employed i n  t h i s  MODEL is the  
standard geopotential meter where one standard geopotential meter, m f ,  i s  de- 
fined t o  be an increment of potent ia l  energy per uni t  mass equal exactly t o  

9.80665 Joules kgo' (or m2 sec6'); i. e., 
-I$ 

1 m' = 9.80665 m2 seem2 (exact). (3 1 
It i s  evident from equatio (2b) tha t  i f  H i s  expressed i n  m', G i s  equal 
t o  9.80665 m2 see-2 mu-1. ?+ One standard geopotential meter i s  therefore the  
ve r t i ca l  distance through which one kilogram mass must be l i f t e d  against the  
force of gravity t o  increase i t s  potent ial  energy by 9680665 joules. If a region 
ekisted where the  value of the acceleration of gravity were constant a t  
9.80665 m sec-2 over an a l t i t u d e  in terva l  of one geometric meter, i n  t h i s  region 
one geometric meter and one geopotential meter would then be exactly equal, T h i s  
condition i s  very closely approximated a t  sea l e v d a t  45' 32° 4Of t  la t i tude,  Since 
g normally does decrease with al t i tude,  however, even over a one meter interval,  
an a l t i t ude  of one geometric meter at  t h i s  l a t i t ude  has a geopotential a l t i t ude  
of s l igh t ly  l e s s  than 1 mB,  (see table  i n  Section 2,2.5), Above sea level, a t  
a l l  p6ints where the a l t i t ude  gradient of g i s  continuously negative from sea 
level,  the  a l t i t ude  i n  standard geopotential meters i s  always numerically l e s s  
than the  a l t i t ude  i n  geometric meters, and the numerical difference increases 
with increasing a l t i tude ,  

2.2,4 Standard geopotential kilometer and standard geopotential 
centimeter 

The  basic concept of the metric system of units leads d i rec t ly  
t o  the conclusion tha t  one geopotential kilometer, kmf, i s  equal t o  one thousand 
geopotential meters; i ,e, ,  

.tt Basic conversion of units 

{ Derived constant, inferred from transformation of units 



- - .:l, _ . it follow that  one geopotential centimeter, cmt, is  equal t o  one one- 
- --'-ldth of a geopotential meter; i. e., 

2 3 1 3  may also be defined i n  cgs uni ts  d i r ec t ly  by analogy with equation 

1 cms = 980.661; ergs gn-l = 980.665 cm2 sec-2 = .01 rn', ( 3 ~  

- - -  =we . -- " 
980.665 i s  the numerical value of go i n  the  cgs units. 

2,2.5 Conversion of standard geopotential meters t o  
geometric meters 

The replacement of g i n  equation (2b) by equation ( la )  resu l t s  

H = geopotential i n  standard geopotential meters, m', 

Z = geometric a l t i t ude  i n  my 

+ G = 9.80665 m2 secm2 rnf-'(exact) , 

go 
B = 9.80665 m secW2 (exact) + r = 6,356,766 m (exact) . 

- 
- -->oming the inciicated integration leads t o  

- Basic constant 



The r a t i o  g d ~  appearing i n  equations (41, ( and (6) i s  numerically uni ty 
while i t s  chmensions a r e  mf/m. Hence while the r a t i o   go/^ may be ignored f o r  
numerical purposes, i n  t h i s  HODEL it must be retained i n  a dimensional analysis. 
 h he def ini t ion of the  standard geopotential meter was i n  f a c t  chosen t o  make 
the  r a t i o   go/^ numerically unity for  the  case when g = 9.80665 m seem2, the  
standard sea-level value of gravity i n  the  ICAO ~ t a n 8 a r d  Atmosphere and i n  t h i s  
MODEZ. > 

Using equation (S), the following tables  of geopotential i n  
m2 s e ~ - ~ ,  as w e l l  a s  i n  standard geopotential meters, have been prepared fo r  
specified geometric a l t i tudes ,  

Geometric Geopot en t i a l  
Alti tude 

Z A ~ / m  H 

Differences i n  
Values of H 

r n t  by equation ( 5 )  

.999, 999, 839 x loo 

.999,998,423 x 10' 

.999,984,265 x lo2  

09991842, 719 x lo3 

0998,4299339 x loh 

.98h992,367 x 105 

0463,539,663 x 1.0 6 

.864,070,707 x 107 

Equations (4) through (6) do not represent the  only possible 
equations f o r  converting geometric measure t o  geopotential measure. W l e  
equation (2d) is the  fundamental and rigorously correct equation f o r  con~rert- 
ing geopotential measure t o  geometric measure, equations (4) through (6) a r e  
only as  good as  the  expression f o r  g introduced in to  equation (2d). A more 
precise  expression f o r  g i s  discussed i n  Appendix N. This expression i s  a 
al ternat ing infinite-power ser ies  i n  terms of l a t i t ude  and al t i tude.  Evalu- 
a t ing t h i s  expression f o r  l a t i t ude  4s0 321 40'8 and introducing it in to  equation 
(2d) yields another a l ternat ing powsr ser ies  as  the expression f o r  M i n  terns  of Z, 
The departures of the  r e s u l t  of equation (5) from t h e  resu l t s  of t h i s  nore exact 



method a re  small. The differences i n  the values of H computed by both methods 
f o r  4s0 32r 40" l a t i t ude  a r e  given i n  the above table.  For a l t i tudes  of 1 x 103 
meters and below, the number of s ignif icant  figures l imi t s  difference determine 
ations. For a l t i tudes  above $ x lo6 meters, the number of available terms in 
the ser ies  limits the  difference determinations, From these r e su l t s  it i s  
obvious, however, t ha t  fo r  prac t ica l  applications, at leas t ,  equations (4) and 
(5) are qui te  adequate, (See appendix P) 

2.2.6 Other special  units of geopotential 

Two other special  units of geopotential, neither of which i s  
employed i n  this MODEL, preceded the  standard geopotential meter. The geodynamie 
meter, t he  f i r s t  of such units t o  be used, was defined by ~ j e r k n e s ~  t o  be equal 
t o  10 joules kg-1, Thus a geodynamic meter differed i n  magnitude from a geo- 
metric meter by about 2% a t  sea level.  

The second special  un i t  of goopotential t o  be introduced, and 
the one generally used by meteorologists, is  the geopotential meter23932 equal 
t o  9,8 joules kg-1 or 9,8 m2 see-2, T h i s  l a t t e r  unit was defined on the  basis  of 
a sea-level value of g equal t o  9.8 m secm2, The numerical differences between 
a l t i tudes  measured i n  geopotentialmeters and the same a l t i tudes  expressed i n  
standard geopotential meters a r e  small, of the order of 1/10 of 1 per cent, and 
i n  many instances may be neglected, 

2.2.7 Analytical usage 

Geopotential has i t s  greatest  appeal, f o r  use i n  this MODEL, 
from an analyt ical  point of view, because it is a parameter involving both g 
and Z, and hence i t s  use reduced by one the  number of variables i n  the  differ- 
en t i a l  form of the  barometric equation relat ing the basic atmospheric properties 
of t h i s  MODEL, This reduction i n  the  number of variables comes without requiring 
the  erroneous assumption of constant acceleration of gravity, used i n  some of 
the ea r l i e r  standards.  h he constant gravity assumption would r e su l t  i n  a 
computed pressure which, a t  500 km, i s  40 per cent lower than one f inds when 
variations i n  gravity a r e  accounted for , )  This pressure discrepancy i s  equivalent 
t o  an a l t i t ude  discrepancy of 42.6 lan a t  500 km. If variable gravity i s  retained 
i n  the  hydrostatic equation explicitly, rather than Pse5ng c smea ld  f~ the geopo- 
7s-tial  a l t i tude,  the algebraic expression resul t ing from the integrat ion of the  
,-.-Lrostatic equation i s  excessively complicated. 

Basic Atmospheric Properties of the  MODEL 

?he basic properties of t h i s  AElDC MODEL a r e  those properties rigorously 
:?lz5ed by the hydrostatic equation and the  equation of s t a t e  (perfect gas law), - - -- - -==?  a r e  pressure, density, and the r a t i o  of temperature t o  molecular weight of 

!;lhich w i l l  be expressed i n  terms of molscular-scale temperature). Defining 
- - z  a l t i t ude  function of any one of these properties specif ies  the remainder of 
- - - - -  I--- basic properties i n  any model, Pn this MODEL, according t o  c i ~ s t r l m - ,  .the 
:qeratur e function i s  the defining property . 



3.1 Molecular-Scale Temperature and Its Development 

1 1  Ratio of temperature t o  molecular weight, T/M 

The property, T/H, i s  a composite of two variables which 
a r e  conveniently handled as  an ent i tybecause of the  frequent occurrence of t h i s  
r a t i o  i n  atmospheric equations, Ln fact ,  the occurrence i s  so frequent and so 
fundamental t ha t  a l l  so-called atmospheric-temperature measuring experiments 
successfully used i n  rockets t o  datg measure T/M, ra ther  than T independently. 

The combining of the  two variables into a s ingle  parameter is 
of par t icu lar  convenience i n  the computation of atmospheric tables  t o  great a l -  
t i tudes  because: 

a. The values of T and M have not been independently measured 
above 90 km with any degree of r e l i ab i l i t y ;  and 

b. The introduction of T/M, as  a s ingle  function of H, i n to  
the d i f fe rent ia l  form of the barometric equation great ly  s h p l i f i e s  the  inte-  
gration and resulting algebraic computational equations over the  case when two 
independent functional relationships a r e  used. 

Until  recently, aerologists have not been concerned with re- 
l a t ing  pressure-altitude gradients or  speed of sound etc., t o  the  r a t i o  T/M, 
since within the a l t i t ude  region of t h e i r  concern (below about 90 km), the 
molecular weight of air, M, i s  known t o  remain essent ial ly  constant a t  i t s  sea- 
l eve l  value, No. For the  same reason, the  preparation of tables  of atmospheric 
models and standards did not require t h e  consideration of M as  a variable; and 
hence the  increased complexity of equations resul t ing from considering M a 
variable was not a problem, Defining the atmosphere i n  terms of T/M instead 
of i n  terms of T alone solves the problem of complexity but introduces the  
problem of consistency with existing standards. This consistency problem is 
solvad by  defining a new property, the molecular-scale temperature, such tha t  
i t ' i s  a function of T/M and i s  equal t o  T a t  a l l  a l t i tudes  where M i s  equal t o  

3,1.2 Molecular-scale temperature concept 

The molecular-scale t emperatwe, TN, which Minsne&O, 
suggested a s  the  basic parameter f o r  the Standard Atmosphere, is a parameter 
which combines the r a t i o  of two fundamental variables T/M with a constant i n  
such a manner t h a t  TN i s  equal t o  T wherever M = Mo9 and simultaneously ac- 
counts f o r  variations i n  M without specifying i t s  functional variation, Mol- 
ecular-scale temperature i s  t h a t  temperature derived from essent ial ly  a l l  
rocket experiments when variations i n  molecular weight from i t s  sea-level value 
a r e  unknown and.hence neglected, Holecular-scale temperature i s  an am l i f i c a -  
t i o n  and redefinit ion of Whipple's T2 i n  the  Rocket Panel Atmosphere, 
Analytically TM i s  defined by the f o l  4 owing equation: 

15 



where 

T = temperature (kinet ic)  i n  t h e  absolute thermodynamic 
scales,  

TM = molecular-scale temperature i n  t h e  absolute thermo- 
dynamic scales ,  

M = molecular weight (nondimensional) , 
Mo = sea-level  value of molecular weight u a l  t o  

28.966 (nondimensional, e x a ~ t ) ? ~ - ~ ~ ,  2, 47 
(see sec t ion  5.1.) 

The use of TM i n  t h e  ARDC M O D n  r e t a i n s  consistency with t h e  ex i s t ing  United 
" s t e s  Standard Atmosphere, s ince  over t h e  a l t i t u d e  region of t h e  Standard 

t o  20,000 m f )  as wel l  a s  t o  considerably greater  a l t i t udes ,  t h e  r a t i o  of 
/M i s  unity; -and hence TM = T f o r  these a l t i t udes .  

3.1.3 Form of a l t i t u d e  function of molecular-scale temperature 

Molecular-scale temp mature  i s  t he  key or  defining property 
of t h i s  MODEL, i n  t h a t  t h e  spec i f ica t ion  of the  var ia t ion  of TM with a l t i t u d e  
simultaneously and completely es tabl ishes  t h e  a l t i t u d e  var ia t ion  of more than 
half  of t h e  f i f t e e n  proper t i es  of t h i s  MODEL. (The determination of t he  re- 
maining proper t ies  requires  a de f in i t i on  of t h e  a l t i t u d e  var ia t ion  of molecular 
weight above 90 km i n  addi t ion t o  t h e  a l t i t u d e  var ia t ion  of t h e  molecular- 
s ca l e  temperature. ) 

I n  accordance with precedent 26-28 and by agreement of t h e  
Working Group on Extension t o  t h e  Standard ~ t m o s ~ h e r e , l B  t h e  temperature param- 

t e r  of t h i s  MODEL i s  defined t o  be a continuous funct ion of a l t i t u d e  consist-  
ng of a consecutive s e r i e s  of functions l i n e a r  i n  geopotential  H, whose first 
e r iva t ives  a r e  discontinuous a t  t h e  in te r sec t ions  of t h e  l i n e a r  segments. 
he use of such a function implies t h a t  t he  atmosphere i s  made up of a f i n i t e  
umber of concentric layers ,  each l aye r  characterized by a spec i f i c  constant 
s lue  of t he  s lope of t h e  temperature parameter with respect  t o  a l t i t ude .  This 

,lope w i l l  here inaf ter  be r e f  erred t o  as t h e  gradient. The following i s  t h e  
general form of each segment of t h e  function: 



where 

M[ = geopotential a l t i t ude  i n  mf, 

TM = t he  molecular-scale temperature i n  OK a t  a l t i t ude  H, 

$ a t h e  gradient of the molecular-scale temperature i n  terms 
of geopotential a l t i tude;  i. e., T ~ /  8 H, i n  OK m8- l ,  
constant f o r  a part icular  layer, 

Hb = geometric a l t i t ude  i n  mr  a t  the base of a par t icular  
layer  characterized by a specif ic  value of h, and 

(TNlb = the  value of TM a t  a l t i t ude  Ab. 

3.1~4 Kelvin or absolute temperature scale  

In agreement with Resolution 164 of the  1947 meeting of the  
Iht ernational Meteorological Organization, 31 and consistent with the  ICAO 
Standard Atmosphere, t he  absolute temperature i n  degrees Kelvin of the melt- 
ing point of i c e  subjected t o  atmospheric pressure of 1013.25 mb (or 101,325. 
newtons m-2) i s  talcen* t o  be Ti = 273.16OK. Temperatures on the  absolute 
Kelvin scale  a re  related t o  temperatures on the  Celsius scale44 by the  rela- 
t ions hip : 

T(OK) = T~ + t ( O ~ 1 ,  

where 

P Ti = ice-point temperature, 273.16O~ (exact) , 
t (OC) = temperature i n  the thermodynamic Celsius scale.  

The magnitude of Kelvin degree and the  Celsius degree a re  equal and hence tem- 
perature gradients a re  numerically the sane i n  both systemso* 

o The'Tenth General Conference on Weights and Measures l2 48 has adopted 
273.150K f o r  t, but t h i s  value w i l l  not be used i n  t h i s  MODEL. 

-% For relat ions between t h e  two metric and two English temperature scales 
commonly used i n  sc i en t i f i c  and engineering f i e l d s  r e fe r  t o  Appendix C. 

6 Basic constant 



3.1.5 Specific a l t i t ude  function of molecular-scale temperature 

In accordance with the  ICAO Standard Atmosphere, (TN)o, the  
sea-level value of TM, i s  taken t o  be 1S0C (exact) or  288.16'~ (exact) by 
equation (9). This sea-level temperature plus the  values of h, and the  extent ~ 
~f the respectively associated layers completely define the  p ro f i l e  of molecular- 
scale temperature with respect t o  a l t i t ude ,  The following a r e  the  values of $ 
md t h e i r  respectively associated a l t i t ude  layers employed i n  t h i s  MODEL. 

+ Table of Molecular-Scale Temperature Gradients Versus Alti tude 

-0.0065 exact 
-0,0065 exact 
0.0 exact 

+0,003 exact 
0,O exact 

-0,0039 exact 
0.0 exact 

40.0035 exact 
M.0100 exact 
N.0058 exact 

Atmospheric Layers i n  m 1  

0 
ll, 000 
25,000 
47,000 
53,000 
75,000 
90,000 

126,000 
175,000 
500, ooo 

Zhese values of $, together with equation (8), imply ten  specif ic  functions 
3f H t o  define Tv over the desired a l t i t u d e  intervals .  This molecular-scale 
temperature p ro f l l e  r e su l t s  i n  the following values of  molecular-scale temperature 
(TM)b associated with the  base of the respective layers, Hb: 

Base Altitudes and the Respective Base Values of Molecular-Scale Temperatures 

Entire tab le  consists of basic constants. 



3,1,6 Basis f o r  se lec t ing  t h e  temperature-altitude function 

The temperature-altitude function of t h i s  MODEL was se lected 
t o  be i n  exact agreement with t h e  present ICAO Standard Atmosphere which ex- 
tends from -5,000 rn t  t o  20,000 mg , (The temperature-altitude function i s  a l so  
i n  agreement with t h e  recen t ly  adopted Extension of t h e  Standard Atmosphere t o  
300,000 m t  which was prepared concurrently with t h i s  MODEL,) The values of t h e  
function between 20,000 m t  and 53,000 m' were suggested by Whipple and adopted 
a t  t h e  F i r s t  ~ e e t i n ~ l 8  of t h e  WGESA. Between 53,000 m t  and 500,000 m ', t h e  
temperature-altitude function i s  t h a t  presented by ~ h z n e r 2 0 ~ 4 2  and adopted 
t o  300,000 m' f o r  t he  Standard Atmosphere a t  t h e  Third Meeting of t h e  WGESAi. 

The l inear ized  temperature-altitude function of t h i s  MODEL 
follows approximately along t h e  average of observed temperatures up t o  about 
90 o r  100 km, t h e  highest a l t i t u d e  f o r  which ladirectrg temperature observations 
have been r e l i a b l y  made. The pressures and dens i t i e s  in fe r red  by t h i s  l inear -  
ized temperature-altitude function a t  t h e  various a l t i t u d e s  agree very wel l  with 
t h e  average of a l l  measured pressures and dens i t i e s  up t o  160 km, t h e  maximum 
a l t i t u d e  of such observations, Agreement between t h e  in fe r red  pressures o r  
dens i t i e s  and t h e  average of observed values was, i n  f ac t ,  t he  primary c r i t e r i o n  
f o r  choosing t h e  temperature-altitude function between 70 and 160 km, 

Above 160 km, only t heo re t i c a l  approaches a r e  present ly  avai l -  
ab l e  f o r  estimating temperatures, pressures, o r  dens i t i e s ,  Between 160 and 300 
km, t h i s  MODEL represents an approximate mean value of t h e  recent t heo re t i c a l  
estimates of these  proper t ies ,  

For t h e  region above 300 km, t he r e  a r e  two basic theor ies  on 
which t o  base a temperature-altitude p ro f i l e .  This MODEL follows t h a t  theory 
which r e s u l t s  i n  t h e  higher atmospheric dens i t i es  a t  500 km. 

One of these  theories,  fos tered pr inc ipa l ly  by ~ a t e s , ~ ,  
assumes an upward conduction of energy from layers  of high so l a r  energy absorp- 
t i v i t y ,  between 100 and 250 la, The proponents of t h i s  theory generally deduce 
an e s sen t i a l l y  isothermal atmosphere a t  s temperature between 8500 and l l O O ° K  
extending upward from 250 o r  300 km. 

A second theory, proposed by ~ha~man,8-10 suggests t h a t  t h e  
ea r th  i s  bathed i n  t he  so l a r  corona which extends outward from the  sun beyond 
t h e  earthas o r b i t  around t h e  sun. Some of t h e  energy of t h e  very high-temper- 
a tu r e  (high-velocity) p a r t i c l e s  comprising t he  corona, through which t h e  ea r th  
i s  sa id  t o  move i n  i t s  orbin, i s  conducted downward toward t h e  e a r t h s s  surface.  
Thus a temperature of t h e  order cf 2 x 105 OK, a few e a r t h S s  r a d i i  away from 
the  earth, drops t o  t h e  order of lOOOOK a t  300 km a l t i t ude  a s  t h e  conducted 
energy i s  shared by increasing numbers of p a r t i c l e s ,  This theory, therefore,  
implies a pos i t ive  real-temperature gradient  which Chapman suggests might be 
of t he  order of 2,SoK per  kilometer, i n  t h e  300 t o  500 km region, This value 
corresponds c lose ly  with t he  molecular-scale temperature gradient  of S,8@~/km 
used i n  t h a t  region of t h i s  MOEL, 



Neither theory has any strong experimental support a t  present. 
The posi t ive temperature-altitude gradient above 300 la was selected fo r  t h i s  
MODEL, however, because it inferred a higher atmospheric density a t  500 km than 
i s  inferred by an isothermal atmosphere above 300 km, Higher densit ies i n  the  
v ic in i ty  of 500 km a l t i t ude  are  conservative from the point of view of s a t e l l i t e  
design, 

3.2 Pressure 

3,2,1 Development of the  general pressure-altitude equation 

Atmospheric pressure i s  expressed a s  a function of a l t i t ude  
through the  hydrostatic equation, 

where 

P = atmospheric pressure i n  newtons ma2, 

g = acceleration of gravity in m secw2, 

p = atmospheric density i n  kg r n ~ ~ ,  and 

Z a l t i t ude  i n  m. 

The density, P ,  may be eliminated by replacing it with i t s  equivalent i n  terms 
of pressure and temperature i n  the  form of the  perfect gas law, 

0 T = atmospheric temperature in K:, and 

R* = universal gas constant- i.e 8 le9 8,3439 x 103 joules ( K ) ~  kgoa- (exact). 
f! 11916,469k7 

The value of R* was chosen t o  be i n  agreement with recent determinations of i t s  
~ a l u e  and consistent with t h e  ICAO Standard Atmosphere. 

- The subst i tut ion of equation (11) in to  equation (10) plus some 
-&pulation, leads t o  the d i f f e ren t i a l  form of the  barometric equation, 

= Basic constant 



- .  - - - -- - . - =  . - '25 noted t ha t  t h e  pressure i s  now expressed a s  a function of T/M. 
-. . . - - - 7 - - m - 9 . m &  - .- -- - -  , l,, ,ion of molecular-scale temperature from equation (7) and geo- 
- ,-.-.--:=I -- =--- - r'rom equation (2c) changes equation (12) i n  f i v e  var iables  t o  
: - 4 5: I ~ i : - k g  equation i n  only th ree  var iables  : 

- - ------ 
-,a :Lcr, (13) i n  t u rn  leads  t o  

Pb = pressure a t  a l t i t u d e  Hb, 

Q = G MJR*, a constant equal t o  0.034,164,794,2~~ m'  
-1 # 

f(H) = a funct ional  representa t ion of TH. 

3 e2 .2 Pressure-al t i tude equations f o r  l i n e a r  temperature functions 

For purposes of t h i s  MODEL, f (H) i s  defined by equation(8). 
Thus t h e  in tegra t ion  of equation (4) y ie ld s  two d i f f e r en t  forms of t h e  baro- 
metric equation, depending on whether of equation (8) is  equal t o  zero o r  
quai t o  a non-zero constant: 

For $ = 0, 

P = P exponential 
-Q(H - Hb) 

b ; 

For I& not equal t o  zero, 

{f! Derived c o n s t a d  



(TEl)b = t h e  value of niolecular-scale temperature i n  
OK a,t t h e  base of a layer  characterized by a 
constant value of $, 

= t h e  value of T ~ / H  in OK m 7 - I  f o r  a pa r t i cu l a r  a l t i t u d e  
region,  

:he f o m o f  epuations (15) and (16) ' a r e  such t h a t  pressure may be computed in  
=zn~ units m.erely by introducing P i n  terms of t h e  desired un i t s ,  For numerical 

~ u t a t i o n  purposes equation (15'7 i s  more usable i n  t h e  form 

Loglo 
flit! 

= .434, 294, 482 , t h e  modulus of con~mon l o g a r i t h m ,  

3,2.3 Sea-level value of pressure  

Pressures a t  a l l  a l t i t u d e s  computed from equation (15') o r  (16) 
depend d i r e c t l y  on t h e  sea-level  value of pressure,  I n  keeying with t h e  ICAO 
Standard ~tmos~here26-28 and impl ic i t  i n  t h e  Resolution of t h e  Proceedings of t h e  
In te rna t iona l  Committee on Weights and ~ e a s u r e s , k h  t h e  sea-level  value of pressure, 
Po, i s  taken t o  be 101,325 newtons m-2 o r  1,013.25. mb.; This pressure corresponds 
t o  t h e  pressure  exerted by a column of mercury 760 rnm high having a densi ty  of 
13e5.95,1,., gm cm-3 and subject  t o  a grav i ta t iona l  accelera t ion of 9e80665 rn secW2, 

3.2-4 Base pressures f o r  various l ayers  

With Po used f o r  Pb i n  equation (16) and using sui.table values 
of ( T ~ ) ~  and LM, t he  value of P i s  computed f o r  11,000 m' ,  t h e  top of t hz  t ro-  
posphere, t h e  f irst  atmospheric l ayer  above sea l eve l ,  This value  of P, designated 
by PL1, i n  t u rn  becomes t h e  value of Pb f o r  use i n  computing t h e  pressure wit,hin 
and a t  t h e  top of t h e  next layer.  I n  t h i s  way t h e  values of Pb f o r  each succzs-- 
s i ve  l ayer  a r e  determined. The value adopted i n  t h i s  MODEL f o r  Po, i . e , ,  1,013,250 
mb o r  101,325.0 newtons rn-2 (exact) i s  i den t i ca l  t o  t h a t  adopted by ICAO and other 
prominent groups, 319 46 

-- 
/ Basic constant  

{& IYumerical constant 



3.2-5 Specific computational equations 

The specific equations fo r  computing pressure for  each of t e n  
atmospheric layers (determined by ten  molecular-scale temperature functions) a re  
a s  follows: 

< < 
For -5,000,O m i  = H = 0,O m g 9  

where 

Po= atmospheric pressure a t  sea level, defined to  be 
101,325.0 newtons m-2, or 1,013.25 mb (exact) .fl 

< 
For 0.0 m 8  5 H = 11,000 m t ,  

For 11,000 m '  5 H 5 25,000 rn 1 ,  

antilog 
10 [(0b068,483,253,~ x low3) (H - 11,000 .o)] 

where 

Pll = the pressure a t  11 lanl computed from equation 
(16b ) . 

For 25,000 m g  5 H 5 47,000 m n ,  

Basic constant 



xhzre 

P 2 ~  = t he  oressure a t  25 k m 1  computed from equation (17a). 

< < 
For 47,000 m f  = H = 53,000 m f ,  

where 

p47 = t h e  pressure  a t  h7 lunl computed from equation (16c). 

For 53,000 rnl  H 75,000 m l ,  

ps3 
= pressure a t  53 k m l  computed from equation (17b). 

< < 
For 75,000 m 1  = H* = 90,000 m ' ,  

where 

P = t h e  pressure a t  75 k m l  computed from equation (16d). 
75 

For 90,000 m 1  2 H<= 126,000 m t ,  



where 

PgO = t h e  pressure a t  90 km' computed from equation ( 1 7 ~ ) .  

< 
For 126,000 m Q  = H <= 175,000 m l ,  

where 

'126 
= t he  pressure a t  126 km' computed from equation (16e). 

where 

= the  pressure a t  175 km1 computed from equation (16f), 

303  Density 

3.3.1 Computational equation 

Atmospheric density a t  a l t i t ude  H i s  readi ly computed from the 
perfect gas law, equation ( l l ) ,  implici t  i n  the  barometric equation. With the  
introduction of the molecular-scale temperature concept, equation (11) f o r  
density i n  kg m-3 becomes, 



where 

P = itmospheric pressure i n  newtons mo2 (or mb x 102)9 
expressed by equations b6a - 16g) and (17a - 1 7 ~ )  

TM = molecular s ca l e  temperature i n  OK expressed by 
equation (8) with i t s  various values of $. 

The computational equation fo r  P i s  l e f t  i n  terms of P and T ins tead of i n  
%ems  of M, f o r  t o  convert t o  t h e  l a t t e r  would require  t en  di !i? f e r en t  functions, 
2s i n  t h e  case of T and P. The co.mputationa1 equations of a l l  other proper t ies  
2f t h i s  MODEL w i l l  !e s imi la r ly  expmsed in terms of P o r  !l'~, ra ther  than i n  
T P r m s  of W e  

3.3.2 Sea-level value - r a t i o  equation 

Evaluating equation (18) a t  sea l e v e l  y ie lds  t h e  sea-level 
.ue of density: 

Po = sea-level  value of P 
101,325.0 newtons m-fi ( e a t  ) and 

(TM)o = sea-level  value of TM, 288.16'~ (exact).  t( 

<ding equation (18) by equation (l8a) y ie lds  

3.4 Val idi ty  of t he  Basic Proper t ies  

The th ree  basic proper t ies  of t h i s  atmospheric MODEL a r e  r igorously 
I-consistent  through the  per fec t  gas law and the  hydrostat ic equation, which 
:-:rlts f o r  t he  var ia t ions  of t h e  e f f ec t i ve  accelera t ion of g rav i ty  with a l t i t ude ,  

- z3si.c constant 

Id-ived constant 



- r r r - . p  -.- - -,h the use of geopotential. The user of these t z - z l ? ~  Ls -*-:z--?? tha t  t he  
- l f< ' ,p  of the  hydrostatic equation as  wel l  a s  some of 5ke :::rr z lass ica l  
am-.--- - --.lms, i n  t h e i r  simple foms,  may decrease cons idera? l~  2: ?:?: al t i tudes.  53 
T.--o mcer t a in t i e s  a t  high a l t i tudes  i n  most equations rela;lr$ - rc "??lous a t -  . . -.. . .- - -- -,---- .. a-T -c properties, however, a re  perhaps small compared >i-il'?- :Yo ?resent uncer- 
:sir._les a t  these a l t i tudes  i n  the defining property of t h i s  M O X L ,  T/X. 

. Seccndary Properties Defined a s  Functions of T/M 

2:s section i s  devoted t o  a l l  those atmospheric properties of the  ARDC 
% V  -- - ---- ----- iF.TwHERE, except P and p , which a r e  c lass ica l ly  defined a s  functions 
-1' ::.s r a t i o  T/M and which are, therefore, conveaiently redefined in terns of 
-:I::-&r-scale temperature without othervise i n ~ o l v i n g  M or T expl ici t ly .  - -. -- 5 
, -. .- sf the  properties of th i s  group depend a lso  upon the  acceleration of 

-=-- i- 
. - J .  Pronerties which depend also upon T or  p , or combinations of these, --- ,-= < ~ l i c i t l y  i n  t h i s  group. The properties of t h i s  group tabulatsd i n  t h i s  . ,-I- 

. . . -1; i r e  scale  height, speed of sound, a i r -par t ic le  speed (arithmetic average), 
--- --1 ~ 2 c i f i c  weight. 

1,1 Scale Height 

4.1.1 Definition 

If both s ides  of equation (12) a re  divided by dZ, we have 

* ::-=--- - -.,--,-lznal analysis of t h e  quant i t ies  i n  the right-hand s ide  of th i s  equation ----- 
: : . - A  %?at the  net dimensions a r e  reciprocal meters. The reciprocal of the  right- 
:--zz?. side of equation (12a), by v i r tue  of i t s  dimensions has been given the name 
' .=Ye height.fp Thus sca le  height a s  tabulated i n  t h i s  MODEL i s  defined as  

H = scale  height i n  m (not mV), 
S 

-2 
g = acceleration of gravity i n  m sec 

and R? and M have t h e i r  usual 
significance. 



4.1.2 Concepts 

Using equation (19), equation (12a) may now be  rewri t ten  a s  

and s ca l e  height i s  seen t o  be t h e  negative reciprocal  of t h e  slope of t h e  
In P versus Z curve, 

The geometric-altitude-pressure equation f o r  an isothsrmal 
atmospheric l ayer  may be manipulated t o  show t h a t  when grav i ty  i s  considered t o  
5e  constant, t h e  sca le  height a t  any a l t i t u d e  represents  t h e  v e r t i c a l  d is tance 
above t h e  reference a l t i t u d e  at  which t h e  atmospheric pressure has dropped t o  
a value of l/e of i t s  value at  t h e  reference a l t i t ude ,  This concept f o r  s ca l e  
height i s  of ten  erroneously thought t o  apply t o  a n  atmosphere i n  which temper- 
a tu r e  and grav i ty  vary. A check of pressures and s c a l e  heights i n  t h e  tropo- 
sphere of t h i s  MODEL shows t h e  s ca l e  height a t  sea l e v e l  t o  be 8,4344 he The 
pressure, however, has dropped t o  l / e  of i t s  sea-level value a t  an a l t i t u d e  of 
7,68 km, where the  sca le  height is  7,0 km, Since t h i s  concept of s c a l e  height 
L s  developed from t h e  equation f o r  an isothermal constant-gravity atmosphere, 
f i e  concept w i l l  not  hold f o r  o ther  conditions, 

From t h e  same basic, isothermal, pressure-al t i tude equation one 
yay demonstrate t h a t  t h e  s c a l e  height a t  any a l t i t u d e  i s  t h e  length  t o  which 
+he t o t a l  of a unit cross-section column of t h e  atmosphere above t h a t  point  
:-.--~ould be compressed, i f  subjected t o  t h e  pressure and g rav i t y  of t h a t  a l t i t u d e ,  
That is, t h e  reduced thickness of t h e  residual ,  isothermal, constant-gravity 
ztmosphere above a given a l t i t ude ,  when subjected, t o  t h e  pressure of t h a t  a l t i -  
%de, i s  equal t o  t h e  s c a l e  height. Again t h i s  concept does not apply r igor-  
~ u s l y  anywhere i n  t h i s  MODEL s ince  t h e  atmosphere i s  not  i nde f in i t e ly  isothermal 
25ove any point, ne i t he r  i s  t h e  g r av i t y  constant. 

4.1.3 Definit ion of geopotential  s c a l e  height 

The l im i t a t i ons  imposed bj constant g rav i ty  i n  t h e  l a t t e r  
?xo concepts of sca le  height can b e  eliminated through t h e  use of a geopotential  __. 
scale  height,  I f  both s ides  of equation (13) a r e  divided by  dHy we obta in  - 

dimensional analysis  o f  t h e  right-hand s i d e  of t h i s  equation shows t he  ne t  
- 5ens ions  t o  be reciprocal  geopotent ia lmeters ,  Thus t h e  rec iproca l  of t h i s  
+ ~ u a t i o n  serves t o  def ine  geopotential  s ca l e  height: 



where 

D 
= geopotential  sca le  height i n  mv, and 

401.4 Concept of geopotential  sca le  height 

  he combining of equations ( l3a) and (13b) y ie lds  

and the geopotential  sca le  height i s  seen t o  be t he  negative rec iproca l  of t h e  
slope of t h e  I n  P versus H curve. 

The manipulation of equation (15) ( fo r  a variable-gravity, 
isothermal atmosphere) leads  t o  t h e  conclusion t h a t  f o r  a variable-gravity, i so-  
fk rmal  atmosphere, t h e  geopotential  s ca l e  height a t  any a l t i t u d e  represents t h e  
increment i n  geopotential  above t h e  reference a l t i t u d e  at  which t h e  atmospheric 
pressure has dropped t o  a value of l / e  of i t s  value a t  t h e  reference a l t i t u d e .  
This concept does apply r igorously t o  isothermal regions of t h i s  MODEL. Equation 
(15) a l s o  leads  t o  t h e  conclusion t h a t  t h e  geopotential  s ca l e  height a t  any a%- 
t i t u d e  i s  t h e  reduced thickness i n  geopotential  of t h e  residual ,  isothermal, 
variable-gravity atmosphere above a given a l t i t u d e  when subjected t o  t h e  pressure 
of t h a t  a l t i t ude ,  Even though t h i s  concept accounts f o r  var iable  gravity, it 
s t i l l  is  not r igorously  appl icable  t o  t h e  MODEL s ince  no i nde f in i t e  isothermal 
atmosphere t o  great  a l t i t u d e s  is  speculated i n  t h i s  HODEL. 

The geopotential  s ca l e  height a t  any a l t i t u d e  i s  r e ad i l y  t*rans- 
formed t o  a geometric length  by adding t h e  geopotential  sca le  height t o  t h e  
reference geopotential  a l t i t u d e  and converting t h e  resu l t ing  geopotential  
measure t o  geometric a l t i t ude ,  by means of equation 6 Then t h e  reference 
geopotential  a l t i t u d e  i s  converted t o  geometric a l t i t u d e  with t he  same equation, 
Finally,  t h e  smaller geometric a l t i t u d e  i s  subtracted from t h e  larger .  The 
czfference i s  the  equivalent geometric length f o r  t h e  geopotential  scale  height 
a t  the  reference a l t i t ude .  

While geopotential  s ca l e  height i s  obviously t h e  preferable  
parameter from t h e - p o i n t  of view of using t h e  severa l  concepts i n  a variable- 
g rav i ty  atmosphere, only geometric sca le  height from equation (19) w i l l  be  
tcibulated i n  t h i s  ed i t ion  o f  t h e  ARDC MODEL, 



4.15 Computational equation f o r  (geometric) sca le  height 

Introducing TH from equation (7) i n t o  equation (19) leads  t o  
t h e  computational equation f o r  Hs: 

4.1e6 Sea-level value and r a t i o  equation 

The sea-level  value of H s e i s  obtarined by evaluating equation 
(19a) a t  sea  level ,  such t ha t  

where 

(H ) = s e a - l e v e l  value of As, s 0 

( T ~ ) ~  = sea-level  value of T ~ ,  288.16'~ (exact),  + 
go = sea-level  value of g, 9.806,65 m seco2 (exact)  I: 

Dividing equation (19a) by (19b) y i e ld s  

which i s  an a l t e r n a t e  form f o r  computing values of Hs. 

1 . 7  Val idi ty  

Because t h e  anaiy-ticaI expression f o r  scale  height i s  impl ic i t  
i n  t h e  barometric equation, a s  i s  evident from equation (12), t h e  v a l i d i t y  of 
t he  value of Hs at various a l t i t u d e s  depends d i r e c t l y  on t h e  v a l i d i t y  of t h e  
barometric equation. ' (scale height from t h i s  consideration might a l s o  be  con- 
sidered one of the  basic  proper t ies  along with pressure  and, density.) The use 

Basic constant 

# Derived constant 



of t he  tabulated values of s ca l e  height, however, i n  connection with several  
commonly accepted concepts of s c a l e  height i s  t o  be avoided except f o r  rough 
approximations. 

4.2 Speed of Sound 

4.2.1 Defining equation 

The square of t h e  speed of sound propagation is defined in 
t h i s  MODEL t o  be 

where 

C = speed of sound i n  m sec-l, 
s 

P = pressure  i n  newtons m-*, 

p = dens i ty  i n  kg mo3, and 

7' = r a t i o  of spec i f i c  heat of air at  constant  pressure 
t o  t h e  spec i f ic  heat  of a i r  a t  constant volume, 
defined t o  be  1.4 (dimensionless, exact.4 

4.2.2 Computational equation 

Eliminating p between equations (18) and (20) and extract ing 
t he  square root  r e s u l t s  in: 

where 

4.2.3 Sea-level value and r a t i o  equation 

Evaluating equation (20a) a t  sea l e v e l  y ie lds  

(Cs)o = sea-level value of Cs. 

Basic constant 
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3ividing equation (20a) by equation (20b) reduces the number of constants so 
:hat: 

4.2,4 Validity 

These equations for  computing the velocity of sound apply 
rr3y when the sound wave i s  a small perturbation on the  ambient condition, 
~z r r i son24  has shown tha t  even when t h i s  condition i s  met, the  above defini t ion 
I3r the  velocity of sound i s  not qui te  correct fo r  two reasons: F i rs t ,  Y i s  
z3t r ea l ly  a constant, but rather, var ies  with pressure and temperature over a 
-al l  region around the value 1.4; second, the form of the above relationship 
13 not completely correct, since even i f  the best value of Y i s  used for  a 
given s e t  of conditions, computed values of Cs d i f f e r  s l igh t ly  from experinen- 
::lly determined values. In  sp i t e  of these discrepancies, however, the s ta ted  
~ e l a t i o n s h i p s  a r e  adopted i n  accordance with Subcommittee recommendations43 
--5ich a r e  i n  conformity with established aerodynamic pract ice but a t  variance with 
:>e present United States  Standard Atmosphere. 

The l imitat ions of t h e  concept of velocity of sound due t o  
:.rtreme attenuation a r e  also of concern. This s i tua t ion  exis ts  f o r  high frequen- 
:Lss a t  sea-level pressures and applies t o  successivelg lower frequencies a s  
z'imospheric pressure decreases, or as  mean f r e e  path increases. For t h i s  reason 
::?e concept of speed of sound progressively loses i t s  meaning a t  high al t i tudes,  
zxcept f o r  frequencies approaching zero and f o r  very short distances, To c a l l  
z5tention t o  t h i s  l imitation, it was agreed t o  terminate a t  90 kmc the  tabula- 
::on of the  velocity of sound, i n  the  Extension t o  the  United States  Stands-rd 
;tmosphere. I n  conformity with t h i s  agreement, tabulations i n  t h i s  MODEL a r e  also 
~Lrtlilarly terminated, Because of the  relationship between sound velocity and 
zLr pa r t i c l e  speed (Section 4.3), sound veloci t ies  f o r  a l t i tudes  above 90 kmt 
ray readi ly be obtained fo r  use with su i tab le  caution. 

4.3 Air Par t i c l e  Speed (Arithmetic Average) 

3 1  Concept 

The mean a i r  pa r t i c l e  speed is the  arithmetic average of the  
5 s t r i b u t i o n  of speeds of a l l  a i r  pa r t i c l e s  within a given elemental volume. 
This quantity has significance provided tha t  the volume considered contains 
z suf f ic ien t ly  large number of par t ic les  so tha t  t h e i r  veloci t ies  follow a 
Yamuellian distribution, and provided tha t  variations of p and T/M i n  any 
-3rection a re  negligible within the volume element, 

4,3.2 Defining equation 

Arithmetic average of a i r  pa r t i c l e  speed is defined t o  be: 



where 
0 

v = a i r  p a r t i c l e  speed (arithmetic average) i n  rn sec-l, 

fff T = 3 ,l4.lY592,6~4 (dimensionless). 

4.3+3 Computational equation 

The introduction of0TM from equation (7) i n to  equation (21) 
yields  the computation equation f o r  V: 

4.3*4 Sea-level value and r a t i o  equation 

Evaluating equation (21a) a t  sea l eve l  leads t o  

where - - 
V = sea-level value of Vc; 

0 

Equation (21a) divided by equation (21b) yields  . 

4.3,s Validity 

On considering t h e  res t r ic t ions  applied t o  t h e  volume element 
f o r  which we dss i re  the value of V, it i s  evident tha t  these res t r ic t ions  come 
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intg confl ic t  with each other a t  high a l t i tudes  and the  va l id i ty  of the  concept 
of Tf decreases with al t i tude.  It is  uncertain whether or not the  concept re- 
ta ins  rdsonable  significance a t  a l t i tudes  as  great a s  500 km. Nevertheless, as 

L 

i n  the  case of pressures and densities, etc., values have been tabulated t o  
t h i s  al%itude,'on the  basis  tha t  with sui table  caution, such values are bet te r  
than no values. 

b 3 . 6  Relationship t o  sound velocity 

From a, comparison of equation (20c) and equation (21c) it 
is  evident that 

Cs t . = ,  .. - (22) 
(csIo V@ 

Since-values of f/v0 a r e  tabulated t o  500 lun', values of c$(c.). and hence 
values of CS are  readi ly available t o  the same alt i tude, even though t h e i r  
signi ficance is  extrmely qqestionable. 

h.4 Specific Weight 

4,4,P Concept 

The specific weight w of a body of uniform density a t  any 
par t icular  point i n  space i s  the weight per unit volume of that  body a t  t ha t  
point. The weight per unit-volume i s  equal t o  the  mass per unit volume times 
the acceleration of gravity, which i n  turn i s  equal t o  the density of the  body 
times the acceleration of gravity, g, Since g is assumed t o  vary i n  this MODEL 
in accordanci with equation (la), the  specific weight of a body w i l l  vary pro- 
portionately, 

The density of the  a i r  mass also varies with a l t i t ude  and 
hence w i s  dependent upon two variables, p and go T h i s  i s  a t  variance 
with t h e  procedure i n  the ICAO Standard Atmosphere i n  which specific weight is 
defined t o  vary only with p . . 

bebe2 Defining and computational equation 

In this MODEL specific weight i s  defined by 

where 

w = specific weight i n  kg mw2 secm2 or newtons  at any ~ o i n t ) ,  

p = density i n  kg nz-3 (at  the point), 

g = acceleration of gravity i n  m set-2 (at  t he  point). 



Eliminating P by  means of equation (18) r e s u l t s  in 

4.kn3 Sea-level value and r a t i o  equation 

The evaluation of equation (23) and (23a) a t  sea  l e v e l  y i e ld s  

w0 = sea- level  value of w , 
-3 #+ po = sea-level  value of p , 1.225,0lb,00 kg m , 

go = sea-level  value of g, 9.806,65 (exact).  r( 

Dividing equations (23) and (23a) by t h e  appropriate port ions of equation ( 2 3 )  
r~sults in: 

h t roduc ing  Hs from equation (19a) i n t o  t he  right-hand member of equation 
(23c) leads  to: 

4.4.4 Val idi ty  

The v a l i d i t y  of t h e  values of w depends only upon t h e  
v a l i d i t y  of t h e  values of g and p which have a l ready been discussed. 
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Other Secondary Proper t ies  

The l a s t  group of proper t ies  of t h i s  ARDC MODEL ATMOSPHERE includes a l l  
those proper t ies  considered i n  t h i s  MODEL which a r e  defined by functions of 
T and M, i n  forms d i f f e r en t  from T/M, so t h a t  these  functions cannot be re-  
defined i n  terms of molecular-scale temperature without t h e  add i t iona l  use 
of e i t he r  M o r  T i n  i t s  independent form, This group includes molar volume, 
number density, mean f r e e  path, co l l i s i on  frequency, coef f ic ien t  of viscosity,  
and kinematic viscosity,  as wel l  as temperature and molecular weight. E i ther  
molecular weight o r  temperature must now be defined i n  terms of a l t i t u d e  be- 
?ore any of these  remaining secondary proper t ies  can be computed, The molec- 
u l a r  weight i s  t h e  one spec i f i c a l l y  defined i n  t h i s  MODEL. 

5.i Molecular Weight 

5.1.1 General de f in i t i on  

Molecular weight i s  defined t o  be dimensionless. On t h e  
chemical scale" molecular weight (of a compound) i s  defined t o  be 16 times t h e  
r a t i o  of t h e  average mass of a molecule of t h e  compound t o  t h e  average mass 
of an  oxygen atom, where both t h e  oxygen and t h e  compound a r e  assumed t o  
have t h e i r  na tu r a l  d i s t r i bu t i on  of isotopes, and where average i s  t o  be con- 
s t rued as t h e  ar i thmet ic  mean, 

5,1,2 Concept applied t o  air 

The de f in i t i on  of molecular weight includes t h e  concept of 
a mixture of t h e  severa l  isotopes of an atomic species and t h e  resu l t ing  
mixture of s imi la r  molecules of d i f f e r en t  masses, Therefore, it i s  not un- 
reasonable t o  exbend t h e  def in i t ion  of molecular weight t o  include mixtures of 
d i f f e r en t  kinds of molecules a s  i n  t h e  atmosphere. Such an extension of t h e  
basic de f in i t i on  i s  employed i n  t h i s  MODEL i n  es tabl ishing t h e  concept of t h e  
molecular weight of air .  

The def in i t ions  of atomic o r  molecular weights on t h e  physical  s ca l e  
a r e  more spec i f ic  than t he  equivalen% def in i t ions  on the  chemical scale,  i n  
t h a t  on t h e  physical  scale, t h e  r a t i o s  a r e  established with reference t o  t h e  
mass of an atom of  a spcc i f i c  oxygen isotope, 016. Because t he  mass of an 
016 atom i s  l e s s  than t he  mass of an average oxygen atom, t h e  atomic o r  
molecular weights on t h e  physical  sca le  a r e  greater  than on t h e  chemical 
sca le  by approximately t h e  r a t i o  32.0087/32,0000 . When t h e  physical  s c a l e  
is  used f o r  expressing molecular weight, values of t h e  universal  gas constant, 
R*, and other  constants m c s t  be proportionately changed, 



5.1.3 Molecular weight of a i r  and mole defined 

Molecular weight of air, M, i s  defined a s  16 times t h e  r a t i o  
7 :  :?s ar i thmet ic  mean mass of a s ing l e  molecule of t he  air  mixture t o  t h e  
-."2 , --.-.,,LC mean mass of a s ing le  atom of oxygen in a na tu ra l  mixture of t he  - --*-- :=. . -- L o q g e n  isotopes. 

A kilogram mole of air i s  defined a s  a quant i ty  of a i r  having 
- - c = c  z ..--, L.n kilograms numerically equal t o  t h e  molecular weight of t h e  air. 

1 Sea-level and low-altitude value of molecular weight of a i r  

. . The value of M a t  sea l e v e l  i s  determined from an assumed - - -- =-*- ^..L --.---, , ion of t h e  severa l  atmospheric const i tuents  a t  sea l eve l ,  In - -n-w-n..T) = - - - - L . , e  -with t h e  ICAO agreements t h e  atmosphere of t h i s  ARDC MODEL i s  - ---- 
;=:-A@ 5o be dry and t o  have t he  following composition at sea l e v e l  and a t  
=zL sl_-;Ltudes up t o  and including TO k m t .  T h i s  model has assumed a continuation - -- - -- 2 - - - --s composition up t o  90 km' . 
Y -- ,- , u ~ n t  G a s  Mol. Fraction 

Per Cent 
Molecular Weight 

(0 = 16.000) 

- - .  
- 2  -."I --- - - - -  (He) 

"is a3ove data y i e ld  a value of 28.966 (nondimensional) f o r  t h e  molecular 
--c- --LL , - =  f a In t h i s  MODEL t h e  molecular weight of a i r  a t  sea level ,  and f o r  



a considerable a l t i t u d e  above and below sea level ,  is  defined a s  a constant. Thus 

< < 
fo r  -5,000 mq = H = 90,000 m t ,  

M = 28.966 . 
5.1.5 Molecular wsight of a i r  a t  high a l t i t u d e s  and 

v a l i d i t y  of t h e  values 

Atmospheric composition a t  high a l t i t u d e s  i s  thought t o  vary 
considerably from t h a t  near sea  l eve l ,  The var ia t ion  i n  composition may r e s u l t  
from dissocia t ion of various molecules of t h e  atmosphere a s  well  a s  from di.f- 
fus ive  separation of molecules of various masses i n  a grav i ta t iona l  f i e l d ,  
Idhile sevzral  theor ies  describing these  phenomena ex i s t ,  t he r e  a r e  only a few 
data t o  support c r  disprove those  thecr ies .  The choice of 90,000 m1 a s  t h e  
top of the  region of constant composition i s  qu i t e  a r b i t r a r y  but i s  a s  good a s  
gay other c u r r ~ n t  choice. 

It i s  thought t h a t  t n e  dissocia t ion of 02 i s  t h e  p r inc ipa l  
fac to r  i n  producing a change i n  molecular weight between 90,000 and 175,000 m ', 
Rocket measurements of 02 concentration obtained by Byram, Chubb, and Friedman 
,rovide p a r t i a l  support t o  t h i s  contension. Diffusive separat ion and t h e  dis- 
socia t ion of IT2 i s  thought t o  dominate t h e  var ia t ion  of molecular weight of t h e  
m u r e  of atmospheric gases above 175,000 m' , 

~ i l l e r 3 ~  combined these  theories,  assumptions, and data  ivith 
scale  height gradients of t h i s  MODEL and computed molecular weights f o r  spec i f i c  
a l t i t u d e s  between 90,000 and 500,000 m t  . A p l o t  of these  data versus a l t i t u d e  
suggested t h e  p o s s i b i l i t y  of approximating t h e  graph with two ana ly t i c a l  fmc-  
'Jions. Campen of GElD developed t h e  desired functions i n  t he  form of t h e  fo l -  
loving two equ i l a t e r a l  hyperbolae which f o r  this MODEL define molecular weight 
*om 90 t o  500 km. 

?or p r p o s e s  of defining other atmospheric propert ies,  it is convenient t o  



establ ish  t h e  following relat ionships:  

N = I H f  I , and 

where 
14' is  a kilogran! mole of a i r ,  a mass i n  kg numerically equal 

t o  t h e  molecular weight, and 

M I o  i s  the  sea-level value of M1. 

Using equation (S), r e l a t i ng  geopotential and geometric alt i-  
tude, equations (24), (24a) and (24b) a r e  converted t o  t h e  following i n  -terns of 
z : 

< For -4, 996.070~27 rn 2 2. = 91,292.532,7 my 

For 91,292.532,7 m Z 179, 954.085 my 

< < 
For 179,954.085 m = z: = 542,685.673, 

These equations y ie ld  r e s u l t s  wi thin  -t. 1% of l E l l e r f s  values a t  a l l  a l t i t udns  
except f o r  a small region around lo5 km where t h e  ana ly t ica l  r e s u l t s  a r e  
about 3% higher than Mil ler  1s values. 

5.2 Mol Volume 

5.2.1 Concept and def in i t ion  

Wns i ty  of t h e  a i r  at any 21 t i tude  is expressed as  t h e  mass 
per  unit volume a t  t h a t  a l t i tude .  I f  t h e  mass i s  t h a t  of a mole of air, the  
r e l a t ed  volume i s  t h a t  o f  a mole of a i r .  Thus t h e  mol valume of air  i s  given 
by 



v = t he  volume ( in  m3) of a mole of atmospheric gas a t  
2 part icular  a l t i tude,  

p = the  density ( in  kg m-3) of a i r  a t  t he  same al t i tude,  and 

Mf = the kilogram molecular weight, the  mass i n  kg of a 
kilogram mole of a i r  having the  composition of t h i s  
a l t i tude ,  ('?his mass. i s  numerically equal t o  the  molecular 
weight defined by equations (24), (24a), and (24b) . ) 

5.2,2 Computational equation 

Eliminating p between equations (18) and (26) yields a 
:?mutational-' expression fo r  v in terms of basic properties and constants: 

R* = universal gas const nt, 8.3a,39 x 103 joules 2 ( O K ) - ~  kgo' (exact) , 

M, = sea-level value of mol cular weight, 28.966 
(dimensionless, exact) 7 

TM = molecular scale  temperature, i n  OK, a t  the a l t i t ude  
i n  question, and 

P = atmospheric pressure i n  newtons m-2 (or mb x 1 0 ~ ) ~  

9 Values of v a re  not tabulated for  various a l t i tudes  i n  t h i s  edition of 
the MODEL but the equations a r e  developed fo r  use i n  the expressions fo r  
z~umber density and impl ic i t ly  mean f r e e  path, It w i l l  be noted from a 
comparison of equations (26c) and (28c) tha t  v/vo = . Thus values of 
v f o r  any a l t i t ude  are  readi ly available from these tables.  

L Basic constant 



5.2.3 Sea-level value and ra t io  equation 

Equations (26) and (26a) evaluated a t  sea level  yield: 

v = the sea-level value of v, 
0 

M; = a mole of a i r  a t  a level, 77 28.966 kg (exact) , 
-3 ++ 

Po 
= sea-level value of p , 1,225,013,593 kg m , 

(TM)@ = the sea-level value of TM, 288.16'~ (exact);, and + Po = the sea-level value of P, 101,325.0 newtons mw2(exact). 

7:- cq~at ions  (24d), (26), (26a), and (26b) it i s  obvious tha t  

5.2,4 Ic  e-point value 

The (standard) ice-point valueK of the volume of a mole of -- 5==  LS ccnsidered t o  be one of the basic physical constants. This value may 
':o 2-uted by evaluating equation (27) a t  the i ce  point, i.e., a t  a tmper- 
=--we - - - - 4 ,- 273 .I60 K and a pressure of 101,325.0 newtons m-2 (1013.250 mb), 

L 3 x 2 ~  constant 

LL 3erived constant 

o These conditions referred t o  a s  standard conditions by chemists a re  
235 5o be confused with the standard sea-level values of the standard atmos- 
p%?e where the To = ( T ~ ) ,  = 288.16 . 



where 
V i  = t h e  ice-point value of v, and 

+' ( T * ) ~  = t h e  ice-point value of TM = 273.16' K (exact) , 
= t h e  ice-point value of p , 1.292, 283,037 from 

t h e  left-hand members of equation (26d). 

3 The above value of vi f o r  a kilogram mole is  i n  keeping with 22.446 m , t h e  
value cur ren t ly  accepted outs ide  of t h e  realm of t h i s  standard. (The l a t t e r  
is  equivalent t o  22,41k,6 cm3 f o r  a gram mole. ) 

5.2,5 Val idi ty  

The v a l i d i t y  of t h e  concept of molar volume a t  great  a l t i t u d e s  
becomes vague because t h e  volume becomes so l a rge  t h a t  density and molv ocular 
weight cannot be assumed t o  remain constant throughout t h e  volume and hence 
t he  specified volume w i l l  most probably not contain exact ly  one mole of atmos- 
pheric gases. 

5.3 Number Density 

3 . 1  Concept and def in i t ion  

The number densi ty  of air i s  defined t o  b e  t h e  number of 
atmospheric p a r t i - l e s  per  un i t  volume, considering only neu t r a l  o r  ionized 
atoms o r  molecules, ( ~ l e c t r o n s  and other subatomic p a r t i c l e s  a r e  ignored,) 
The nuhber of p a r t i c l e s  contained i n  a mole of air i s  by def in i t ion  Avogadrots 
number. Thus Avogadrots number divided by the  mol volume y ie lds  number den- 
s i t y ,  i , e ,  : 

where 

n = atmospheric-particle, number density, a t  a specif ied 
a l t i t ude ,  in  m-3, 

v = mol volume a t  that  a l t i t u d e  i n  m3, and 

N = Avogadro 9 s  number, 6.023~80 x loz6 (dimensionless, exact) 16,46 

A more recent value of N might have been used but  t h a t  would not be consis tent  
with t h e  current  values adopted by t h e  National Research ~ o u n c i l . 4 6  

/= Basic constant 



5.3.2 Computational equation 

Introducing equation (26a) in to  equation (27) leads t o  t h a t  - --,-A - -.-, ,,a%ional form of the  expression fo r  number density i n  terms of basic 
------& - -  - -, ,ies and constants: - .  

5.3.3 Sea-level value and r a t i o  equation 

Upon evaluation of equation (27) and (27a) a t  sea level, one 

n = t h e  sea-level value of  n, 
0 

v = t he  sea-level value of v. 
0 

The manipulation of equations (27), (27a), and (27b) and ref - 
- : ~ . x s ?  5o equations ( 2 6 ~ )  and (24d) show the following relationships t o  exist:  

5.3.4 Validity 

In the  form of equation (27) the va l id i ty  of n would be 
2 y l n  53 considerable question a t  high al t i tudes.  I n  terns  of equation (27a), - --- :--,+e~elr, where a l l  t he  parameters a r e  defined a t  a point or  within a volume 
--n ,--5lZerably smaller than v, the va l id i ty  of n is  probably l imited pr incipal ly  
-:7 2 s  val id i ty  of the  values of TH and M. 

5.L Mean Free Path 

5.4.1 Concept and defini t ion 

Mean f r e e  path i s  the  mean value of the  distances traveled 
' ~ 7  each of the molecules of a given volume between successive co l l i s ions  with 
cLl?sr molecules of that  volume, provided tha t  a suf f ic ien t ly  la rge  number of 



molecules a re  contained within the volume, It is  usually considered necessary 
that  the  volume be the cube of a length many orders of magnitude greater than 
the meair f r ee  path, From kinetic theory and assuming a gas of uniform tenper- 
ature and density, the following expression fo r  mean f ree  path is developed: 

where 

L = mean f r ee  path i n  m a t  a particular al t i tude,  

n = number density i n  ma3 a t  the same alti tude, 

n = a numerical constant, 3.1b1,592,65k 

a = average effective col l is ion diameter, taken 
t o  be exactly 3.65 x 10-10 m fo r  t h i s  MODEL.& 

This value of a is an a rb i t r a r i ly  adopted average of several published values, 

5*4.2 Computational equation 

Eliminating n between equation (27a) and equation (28) yields: 

5.bo3 Sea-level value and ra t io  equation 

The evaluation of equations (28) and (28a) a t  sea level  
resul ts  in: 

where 

Lo = sea-level value of L, 

no = sea-level value of number density, 2,547,55'2,07 x 10 25 ~3~ 

4 Basic constant 



Equation (28a) divided by t h e  right-hand member of equation 
' 2 : - 2 )  and t h e  use of equation (24d) l eads  t o  t h e  following r a t i o  equation: 

-1. I :?arison of equations (26c), (27c), and (28c) shows that :  

5.4*.!4 Val idi ty  

Equation (28) f o r  mean f r e e  path i s  based on t h e  concept 
- .:.= - -- - 5 e ~ e r a t u r e  and dens i ty  a r e  uniform throughout a volume equal t o  t h e  
-..- = 95 a length many orders of magnitude grea te r  than t h e  mean f r e e  path. . - =.- .-- - . -, 290 m l  t h e  mean f r e e  path  i s  2.5 cm, A length two orders of magnitude 
K T T ~ Z : ~ ~  than L would be 2.5 meters and a cube of t h i s  dimension i s  perhaps 
; y y r - - m . l 7  
. - -,c:Zng t h e  smallest  s i z e  cube which contains a su f f i c i en t  number of 

: : ~ s z - ~ ~ s  a t  t h i s  a l t i t u d e  t o  r igorously  apply t h e  der ivat ion of equation (28). - 
---z-atures and dens i t i e s  within t h i s  volume may ce r t a in ly  be  considered con- 
- - - -&  - - - - - ,  . A t  higher a l t i tudes ,  however, t h i s  may no longer be t r u e  f o r  t h e  neces- --- ==_  s l z e  cube. 

In t h i s  MODEL, t h e  value of L from equation (28) becomes 1 
- . ._ -- - :- at, I l k ,  000 m 1. A cube of length  two orders of magnitude larger ,  a - - -  
-----?%I- cube, would have a change i n  densi ty  from top t o  bottom of about 1%. 
- .  - - 
- - 5  .-lzunt i s  considerably more than should be  to le ra ted  f o r  t h e  conditions 
- -: - e z z r o u s  v a l i d i t y  of t he  equation f o r  L. A t  an a l t i t u d e  of 210,000 m f ,  
- '.: - - -.-l72e of L i s  1 kilometer; while a t  390,000 ml ,  t h e  value of L i s  100 
. . -  - . --=L . s .  Cer ta inly  a t  these  a l t i t u d e s  t h e  densi ty  is  not uniform throughout 
; sy l ' i ? ien t ly  l a rge  cube and t h e  dis tance through which a molecule w i l l  t r a v e l  
- .  --- - - -r 
- r i . :=-~ successive co l l i s i ons  depends on i t s  d i rec t ion  of motion. The value of 
7 -- ----- -.. equation (28) f o r  a given a l t i t u d e  requires  t h a t  conditions along t h e  

----  = =  1- 2: ',he molecule remain equal t o  those  a t  t he  pa r t i cu l a r  a l t i t u d e ,  A t  high 
rl:Ft-:?es this condit ion can only be  met f o r  those molecules moving i n  a ho~ izon -  - -. - =  .- --*a - _ - s t i o n .  For molecules moving v e r t i c a l l y  downward, t h e  dis tance t raveled 
-----..a r - , . t T - n  co l l i s i ons  w i l l  be less than L, because t h e  motion i s  i n t o  a region of 
~:.-xer?tially increasing density. For molecules moving v e r t i c a l l y  upward, t h e  - .  - - : - = n - ~  --- t raveled between co l l i s i ons  w i l l  be  g rea te r  than L because t h e  motion 
- 2 - L  L- ---: a region of exponentially decreasing density,  Some kind of average of . . - -  .----- O r =  5i rec t iona l  mean f r e e  path lengths, considering a l l  poss ible  di rect ions ,  
Ls s=lgsested as a more general  concept of mean f r e e  pa th  a t  these  a l t i t udes .  
.:z- 1=-3ublished study a t  GRD shows t h a t  t h e  hor izontal  mean f r e e  path, obtained 
T-t? ecuation (28), y ie lds  values which agree wel l  ~ 5 t h  this newly suggested 
?32r  f r ee  path concept t o  a l t i t u d e s  of about 220,000 m l .  Above t h i s  a l t i t ude ,  



equation (28) should only apply t o  a horizontal mean f r e e  path. 

5.5 Collision Frequency 

5 . 1  Concept and defini t ion 

The average velocity of the molecules or atoms within any given 
volume of a i r ,  divided by the mean f r ee  path of the molecules within tha t  volume 
jcields the mean col l i s ion  frequency of the molecules of t h a t  volume, That is, 
any part icular  molecule in tha t  volume wi l l  col l ide successively with other mol- 
ecules a t  a mean r a t e  given by the co l l i s ion  frequency. Analytically co l l i s ion  
frequency i s  defined by - 

v y =  - 
L 

9 (29) 

V = the  co l l i s ion  frequency i n  secel, 

7 t he  average pa r t i c l e  veloci ty  i n  m sec'l, and 

L = the  mean f r e e  path i n  m. 

to: 

505,2 Computational equation 

Equation (21a) f o r  ? divided by equation (28a) fo r  L leads 

5*5.3 Sea-level value and r a t i o  equatioh 

From the  evaluation of equations (29) or (29a) a t  sea level  
one obtains: 

where - -1, V, = 458,942,034 n! sec 

8 L~ = 6,631,722,29 x 10- m. 



- 
_ --:=.:i rrs ' 2 9 ) ,  (29a) and (29b) permit t h e  following r a t i o  q r e s s i o n s :  

5.5.L Validity 

The v a l i d i t y  of t h e  value of v i s  l imi ted  p r inc ipa l l y  
--- - - -  - - -. - ~ 2 5 i ' J p  of L. Even :qith t h e  broader concept of L suggested in Section 
I. - .-. : -.: .;-Cue 3f L should not  apply without r e s t r i c t i o n s  above 220 t o  250 h. - - - -- -- -- - A -. ) ~ 2 J l ~ o s  of v must not b e  used without caution above t h i s  a l t i t ude .  

5 . 6 .  Concept and v a l i d i t y  

Temperature i n  t h i s  MODEL i s  a measure of the  k ine t i c  energy 
. - - -  -- =p,. L 0 . ~ . =  . - - l - ,2 ,s  and atoms comprising t h e  atmosphere a t  any specif ied a l t i t ude .  - -  - 

. - - - - -  - -  -- - =. - .. . . 1 -.-=_l?~es most probably w i l l  not  i nd i ca t e  t h e  temperature of any body 
. - - -.. - -- - - -  - - -  - - .- Ir, or  passing through t h e  region. 

The determination of the ,  value of atmospheric temperature, T, - - --I -- -- -- 
. .I I_- a l t i t ude ,  from conventional measuring techniques requires  a knowl- 

- - - - - -  - -  .: -212z7d.2r weight M of the  air  a t  t h a t  a l t i t ude .  Without t h i s  knowledge of 
- - --- .  - z -  - - - <  r-"L ... :.-.I-- . ;  -=-.,, t h e  measurenent y i e ld s  only  t h e  value of T/M. Because values 

. ., . - . -- - - - - 
- - -  . .=  ..-', haen rneasur~d a t  hign a l t i t udes ,  t h e  so-called temperature meas- 
- -  - . - - -  - - ^  - T.qm - _._.. .- :- -._ mcke t s  y i e ld  only the ratio T/M. This r a t i o ,  however, was shown 

- -  - -  - -  
. ,L. 3 :::e Sasic  atmospheric p roper t i es  of pressure, density, spec i f i c  weight, 

- - -  - - - -  --- . - -Z7 ._,:_:-',, :ar t ic le  speed and sound speed. The a l t i t u d e  function of t h i s  
- - - -  - - 3 .  .,.1.. - .., '_n ',?I!? form of molecular sca le  temperature, TM, defines t h e  a l t i t u d e  - --. - -  : -. - -.- ,_' t k s e  proper t ies .  

!dith t h e  e s t a b l i s h ~ m t  of t h e  inde?endent assumption regarding 
- .  - - . - - - - - - - - - - .e 3 n c t i o n  of molecular weight i n  Section 5.1, it i s  now possible  t o  

- = - -  --.- I--..ag 
. . ----. of T with the  sane d e g r ~ e  of re l iaSi1Lty as exists in the values 

- 3 .  -. - . - - :ss -.lues of T w i l l  then permit t h e  d e t e n i n a t i o n  of t he  coeff ic ient  
- .  - .  - - - - - -  - - '  -* ; mcl kinematic v i s cos i t y  from e q i r i c a l  expressions involving T. - - - - - - - - 

< L 2 Computational equation 

The computational equation f o r  r e a l  temperature follows di-  ---- - - - -1 -- --,I, --  -. . *'-a d p f i  ni t.ion of molecular-scale temperature i n  equation (7) .  
- --. - - --. 



where 

T = temperature ( rea l  kinetic, absolute scale) 
a t  any specified al t i tude,  and 

T~ = molecular scale  temperature (absolute scale) 
a t  that  a l t i tude ,  

5*6.3 Sea-level value and r a t i o  equation 

Equation (30) evaluated a t  sea l eve l  yields: 

Mo - ( T ~ ) ~  = 288.16' K (exact), 
To = 

- - ++ 
where 

To = sea-level value of T, and 

(TM)O = sea-level value 02 TM defined t o  be 
288,16O K (exact). 

From the division of equation (30) by (30a), one obtains: 

5,7 coefficient of Viscosity 

5.7.,1 Concept 

Viscosity of a f l u i d  (or gas) i s  a kind of in te rna l  f r i c t i o n  
which r e s i s t s  the r e l a t ive  motion between adjacent regions of a f lu id ,  If two 
very large pa ra l l e l  p la tes  surrounded by a gas (a t  normal pressures) a re  moving 
re la t ive  t o  each other so t h a t  t he i r  separation remains constant, experiments 
show tha t  the  layer of gas d i rec t ly  a t  the surface of each p la te  i s  a t  r e s t  with 
respect t o  tha t  p la te ,  It has also been shown that  each layer of gas exerts a 

Basic constant 

{{ Derived constant 



- -- - - - L-= z n  the neighboring layers  so t h a t  there ex is t s  a velocity gradient normal 
- -  - - =  - - 1. - =..?face of the plates.  If the p la tes  a re  suf f ic ien t ly  close, t he  vel- - --  -- --:- . 2z;lient - i s  constant. The r e l a t ive  motion of the  plates  i s  res i s ted  by 
- = ---- = z r c e  proportional to  the  product of the area of the  plates  times the 
---= L ~ ? 1 0 c i t y  gradient of the  f lu id ,  The proportionality fac tor  i n  t h i s  
-=  - --- - -  -1.-.zip --..=h i s  known a s  the  coefficient of viscosi ty  p . This proportionality 
- - ---- Z =  - . - - k2s b e n  found t o  vary with t h e  temperature of the gas, but t o  be inde- - -- - - -- -;_' the gas pressure within l imited ranges of pressure. Various people 
- --- -, --L - - :- - ----,rYauted t o  the  development of a theoret ical  expression f o r  p from 
- - --- l- = - L , "r-eory and chapman7 has recently derived cumbersome formulas which ac- - --=.=ly represent the dependence of p on the  temperature, a t  l e a s t  over the 
----- -:.,, z' LOO-150O0 K. Because of the  complexity of the  Chapman equations, - - - - - - - - - = -  %he values for  coefficient of viscosi ty  i n  t h i s  MODEL a r e  computed 
- - -- - -  :=? well-known empirical Suth rlandss equation, with coefficients as  used by 
- - -  ----2 ...= - = --2r2l Bureau of Standards. 2f 

5.7.2 Computational equation 

Sutherlandls empirical equation for  computing viscosi ty  is 

p = viscosi ty  i n  k sec-I m -1 . 
(1 kg sec-1 m-f = 10 poise), 

1 

B = 1.458 x 10-6 kg sec-I m-l (OK)-~ (exact), 
+ 

s = 110.4~ K (exact), # 

T = temperature i n  OK 

5.7.3 Sea-level value and r a t i o  equation 

The sea-level value of p is  

3/2 ' 
= 1.789,L28,53 x 104 kg m-1 set 

% = T ~ + S  
= 1.~789~428~53 x poise, 

p6 = the  sea-level value of p , 
T, = the  sea-level value of T. 

I - .  
, zzs:c constant 



Equation (31) divided by equation (31a) yields the r a t i o  equation: 

5,7,4 Validity 

The users of t h i s  MODEL a r e  cautioned that  the value of the  
coefficient of viscosi ty  determined by equation (311 i s  open t o  question for  
conditions of very high and very low values o f  pressure and density, While 
equation (31) suggests that  t h e  coefficient of viscosity i s  independent of pressure 
and depends only on temperature, the measurement of p wTth an osc i l la t ing  disk 
viscometer indicates t h i s  s i tua t ion  t o  be t r u e  only within cer tain limits of pres- 
sure, of the order of 2 t o  .1 atmospheres, 

A s  t he  pressure decreases below .I atmosphere, a point is 
zached where p begins t o  f a l l  off with further decrease i n  pressure i n  a 
u e r  which depends upon the s i ze  of the  viscometer, This change i n  the  de- 
zndence of p f i r s t  BCCUTS when the  mean f r e e  path of a i r  mleeules  becomes 
,me small .fraction of a l inear  dimension character is t ic  of the apparatus o r -  
ther body, Such a dimension i n  the  case of the  viscometer would be the dis- 
mce between plates,  

A s  the pressure is  decreased s t i l l  further, a point i s  
?ached when the  mean f r e e  path becomes equal t o  or  greater than t h i s  charaa- 
3r is t ic  dimension. A t  t h i s  point t he  viscous s t r e s s  (drag force per unit  area) 
?comes d i r ec t ly  proportional to  the quadruple product of density of the gas, 
? loci ty  of the moving plates  or other body, one-fourth the mean speed of the  
~ lecules ,  and a function indicating the re f lec t ive  properties of the  surfaces, 
3s s i tua t ion  characterizes the tPfree-molecule regiontt of the gas, 

nei  
t i 0  

tha --- 

For pressures i n  between the free-molecule region and the  region 
characterized by viscosi ty  independent of pressure, there  ex is t s  f o r  any part ic-  
~ d a r  viscomete~ a t r ans i t ion  region where the coefficient of viscosi ty  is  

ther tndependent of pressure nor d i rec t ly  proportional to  it, and the  rela- 
nsh2p i s  rather  d i f f i c u l t  t o  t r e a t  theoretically,  Studies indicate, however, 
t as the dimensions of the viscometer a r e  made larger, both the  high and Pow 

-essure*boundaries of the  t rans i t ion  region a re  moved t o  smaller values of 
'essure, Thus by great ly  increasing the s i ze  and p la t e  separation of the  ~ 5 s -  
 meter, the  pressure region for  which equation (31) yields sat isfactory values 

p i s  extended t o  very low values of pressure. 

It may well  be tha t  t h i s  procedure can b e extended u n t i l  
the character is t ic  dimension becomes so great tha t  appreciable differences i n  
density or  temperature ex is t  over a ve r t i ca l  distance equal t o  t h i s  dimension, 
It this point, equation (31) would begin t o  become inaccurate regardless of 
Turther increase in viscometer s ize,  By dividing atmospheric density by the 



density gradient a t  various al t i tudes,  it may be shown tha t  0.1 per cent 
variation i n  density occurs over a ve r t i ca l  distance of 5 t o  10 meters a t  
a l l  a l t i tudes below 130 h, Viscometers with p l a t e  separations of LO meters 
would be expected t o  yield values of consistent with equation(31) f o r  
pressures as  low as those found a t  90 kilometers a l t i tude .  

Thus values of p tabulated i n  t h i s  MODEL only from-5,000 m 1  
t o  90,000 m' a re  probably r e l i ab le  f o r  sui table  conditions over t h i s  en t i r e  
range of alt i tudes,  but only when these conditions include body dimensions 
which a re  suff ic ient ly  large. For a l t i tudes  above 40 km, each case ought 
t o  be examined with caution before using the  tabulated values of p .  

5.8 Kinematic Viscosity 

5,8 ,1 Definition and computational equation 

Kinematic viscosi ty  i s  defined a s  the  r a t i o  of the  coef- 
f i c i en t  of viscosity of a gas t o  the density of the gas. Analytically it i s  
expressed a s  : 

where 

I) = kinematic viscosi ty  of a i r  i n  la2 secml, 

p = coefficient of viscosi ty  of air i n  
kg sec-I m-l ,  and 

p = atmospheric density in  kg m-3. 

Because of the  empirical nature of the  expression f o r  p and since no other 
atmospheric properties of t h i s  NODEL depend upon r )  , t he  expression f o r  7 
has not, been transformed t o  an expression i n  terms cf the  three properties, 
pressure, molecular-scale temperature, and molecular weight, Computations of 9 
have been made d i rec t ly  from equation (32). 

5,8,2 Sea-level value and r a t i o  equation 

Equation (32) evaluated at sea-level yields : 



where 

70 = sea-level  value of q , 

yo = sea-level  value o f y  , 
-1 Bif 1.789,428,53 x 10-5 kg m-I sec , 

Po 
= sea-level value of p 9 

1.225,013,B kg mM3. # 

From t h e  d iv i s ion  of equation (32) by equation (32a) and from equations 
(719  (18b), and (31b), one obtains: 

5,8,3 Val idi ty  

The v a l i d i t y  of t h e  tabulated values of r )  i s  no b e t t e r  
than t h e  v a l i d i t y  of e i t he r  p or  p Within t he  a l t i t u d e  range of 
t abu la t ion  of q , values of /L a r e  t h e  more uncertain and t h e  use of 
values of 97 should be subject  t o  t h e  same r e s t r i c t i o n s  applied t o  t h e  use 
of y . 

# Derived constant 



5.F Summary of Ratio Equations 

Because of t h e  comnon re la t ionsh ip  of molecular-scale temperature o r  - == - 
. - 
- 

5-erature and molecular weight t o  a l l  t h e  proper t ies  of t h i s  MODEL, t h e  
FZ::~ of these   ropert ties t o  t h e i r  sea-level values a r e  a l l  i n t e r r e l a t ed  i n  t h e  
---- - - multiple equation: 

5. Y-zfric Gravi ta t ional  Svstem of Units 

5.1 Unconventional Form 

In t h i s  MODEL, a s  i n  t h e  ICAO Standard Atmosphere, t h e  system of units 
-ls:-<_ng t h e  dimensions of t h e  T y p  I grav i ta t iona l  system i s  not s t r i c t l y  a 
-- ,- = . L , ~ t i o n a l  - system; ra ther ,  it i s  a form of absolute system employing t h e  
-=-I.Z -.- .-I of g rav i ta t iona l  units, (see Appendix J) , In order t h a t  t he r e  be no con- 
- --  -- L L ~ E  between t h e  kilogram f o r ~ ?  a s  used i n  t h i s  MODEL and t h e  kilogram force  
zc - : s d  i n  a pure g rav i ta t iona l  system of units, t h e  following development i s  
; rsser . td .  

6,2 Basic Concepts 

A 1 1  p roper t i es  i n  t h i s  MODEL may be  expressed i n  terms of mass 07, 
=n+> 1-.., ,- ,!?. , time t, and temperature T. The metric absolute s y s t ~ m  of mechanical 

,.-- -L-,, - 9 x.:?ich has been employed throughout t h e  discuss ion t o  t h i s  point ,  uses t h e  . .- 
c-- .gr -m as t he  unit of mass, t h e  meter a s  t h e  un i t  of length, and t h e  second 
zz I 2  &t of time. The un i t  of accelera t ion a, therefore,  has t h e  dimension 
r? : S E C ' ~ ,  while t h e  un i t  of force  F, e ressed by Newtonls second law a s  ?? ? =ma , has t h e  dimensions of kg m sec' and has been rimed t h e  tlne~rbon. 

fhe metric g rav i ta t iona l  s y s t m  of u n i t s  i s  based on t h e  kilogram force  
?:', s e t e r ,  and second, These un i t s  through Newton's law imply a un i t  of mass 
ec-.:2 50 t h e  un i t  of force  divided by t h e  un i t  of acceleration,  and having t h e  
C ~ c n s i o n s  of kgf sec2 m-l, f o r  which there  i s  no specif ic ,  common1 used name. 
The 3ngl ish  counterpart of t h i s  unit of mass i s  the  s lug  o r  Lbf secH ft-l* 



t 

In  i t s  fundamental concept, the  kilogram force i s  the  force which 
gravity exerts on a kilogram mass a t  t he  par t icular  a l t i t ude  and l a t i t ude  under 
consideration, and the  relationship between the absolute and the gravitational 
system of units thus depends upon the location, For any fixed la t i tude,  a s  
applied t o  t h i s  MODEL, t he  variations of gravity with a l t i t ude  could be used t o  
rigorously r e l a t e  the kilogram mass and the kilogram force a t  various a l t i tudes ,  

6,3 Modified Definition of the  Kilogram Force 

The draf ters  of the  ICAO Standard Atmosphere, on which t h i s  MODEL 
is  based, have chosen not t o  follow t h e  fundamental concept of the  g r a d t a t i o n a l  
system of units, They have i n  e f fec t  defined the  kilogram force as  the  force 
which gravity exerts on a kilogram mass a t  a location where g i s  equal t o  go, 
Leeo, a t  sea l eve l  and a t  4 5 O  328 4018 la t i tude,  This def ini t ion makes the  
kilogram force an absolute unit, and makes the resul t ing system of units an 
absolute system, employing only the  d.imensions,of a gravitational system, The 
system might therefore ke called an absolute-force, grav5tat ional  system of units, 
In equation form, the  defini t ion of this absolute kilogram force i n  terms of the 
kilogram mass is: 

1 kgf = 9.80665 m secw2 x 1 kg, (34) 

or conversely, 

The dimensions of the  right-hand s ide of equation (35) a re  those previously 
associated with mass i n  t h e  metric gravitational system, Thus it appears tha t  
the  metric units of mass i n  this absolute-force, gravitational system is 
always exactly 9e80665 times a s  great as  the  kilogram mass, 

6.4 Conversion from Absolute System 

Since units of length, time, and temperature a re  the same i n  both 
absolute and graxt tat ional  systems of units, only tbose properties of the  
NODEL which inherently involve the dimensions of mass have different  magnitudes 
i n  the two systems, Thus solving equation (35) f o r  uni ty provides the  neces- 
sary fac tor  f o r  converting i n  e i ther  direct ion between the absolute system and 
the absolute-force gravitational system of units: 

The factor  required f o r  converting from the absolute system t o  the  pure grav- 
i t a t i o n a l  system of units varies according t o  the  geographic location and i s  
expressed by: 



---I--?= g is  the  acceleration of gravity i n  m ~ e c ' ~  a t  the par t icular  a l t i t ude  . - :-,- =-<L -- ,, bude i n  question, 

5.5 Properties Requiring Conversion 

A dimensional analysis of the  various properties of t h i s  MODEL i n  
:E-s 25 mass, length, and time indicates tha t  only pressure, density, specif ic  
----  --- -,:-:-'-. - ,  ar~d coefficient of viscosi ty  involve the dimensions of mass, Hence, -- 
ry-:- xrese properties a re  expressed different ly i n  the  two systems of units, - - - -  2=-.- - - of these properties the conversion from the  metric, absolute system t o  
- -' - -  , -g",5c, absolute-force, gravi tat ional  system a t  any a l t i t ude  is  accomplished 

-1- -?<-?ng the  magnitude and dimensions of the property i n  the former system by 
- -'.I rig?-t-hand side of equation (361, (which i s  equal t o  unity), 

5 -5  Converted Sea-Level Values 

The sea-level values of atmospheric pressure, density, specific weight, 
- - -  -..: r h m = ~ -  ,,,-lcient of viscosity i n  units of the metric, absolute-force gravitational 
---- 
: . : -  L ~ B  obtained by dividing the defined value of Po i n  newtons-P and the  right- . - rzrz z z 3 e r s  of each of equations (18a), (23b), and (31a) respectively by the  
. . _- - -5 - - - -kzd _ - -  side of equation (36). Thus: 

- F0 - 101,325, n t  m'2 
= 10,332.2745 kgf d2, 

9.80665 m secm2 kg kgf-' 

Po = ' 
1.225,013,998 kg m-3 

= .124,916, 663 kgf sec2 mw4, (38) 
9.80665 m secm2 kg kgf-l 

Po = 
1.7899428353 x loa5 kg m-l s~c-' = 1.824,709,28 x 

9.80665 m secW2 kg kgf-l kgf see m'2 (40 1 

6.7 Conversion fo r  A l l  Altitudes 

The r a t ios  P/P,, p /po w/% , and p /% in the  absolute 
----- -- 
2 c  .:.. o f  units, when multiplied by the respective sea-level ~ C u e s  given 
~i .=-.-2,  yield the values of P, p , w , and in the  absolute-force, gravitational 



system of units. -!+ 

7.0 Preparation of the  Netric Tables 

7,1 Computation of the  Tables 

The accelerakion of gravity, molecular-scale temperature, pressure, 
and molecular weight a r e  the  only properties which were computed d i r ec t ly  a s  
functions of H alone, g in terms of a s ingle  function fo r  a l l  a l t i tudes,  TN 
and P i n  terms of ten  different  functions f o r  t en  a l t i t ude  regions respectively, 
and M i n  terms of three d i f fe rent  functions fo r  three a l t i t ude  regions respec- 
t ively,  The remaining properties were,computed from expressions i n  terms of g, 
TM, P, and My or i n  terms of T derived from TM and M, To have computed each 
of the properties i n  terms of H alone would have required the development of 
t e n  functions for  each property, each function applying t o  a specif ic  a l t i t ude  
region.%$ Such a procedure would have been m e l d y ,  and would not have added 
t o  t h e  accuracy or  va l id i ty  of the tables,  Even the s tated computational equa- 
t ions f o r  each of the properties, while serving well  for  isolated calculations, 
do not necessarily represent the best  approach f o r  development of the tables ,  

From the  multiple equation (33) it i s  evident tha t  i f  the ra t ios  of 
cer ta in  basic atmospheric properties t o  t h e i r  sea-level values a r e  determined, 
the remaining r a t ios  a r e  readi ly computed from products or quotients of not 
more than two previously determined ra t ios ,  The tabulated rat ios ,  when mul -  
t i p l i e d  by the  sea-level values of the  respective properties in  any desired 
absolute system of unit.s, then yield the  required absolute tables,"*' 

7,2 Detailed Computational Procedure 

The following procedure is  suggested as  one of the be t t e r  methods 
fo r  use i n  any expansion o r  revision of these tables  by desk calculator 

- For conversion t o  the pure gravi tat ional  systm9 these values i n  the  
absolute-force, gravitational system of units would have t o  be multiplied 
by g d g  

-*% A s ingle  function of a l t i tude,  closely approximating the densi t ies  of t h i s  
MODEL, par t icu lar ly  above 100 km, was developed by Lo ~acchia33 of the 
Astrophysical Observatory, Smithsonian Ins t i tu t e  and i s  presented b 
Appendix L. 

*%% The tabulation of properties i n  the  absolute-force, gravitational system 
employed i n  t h i s  MODEL i s  also made i n  t h i s  manner, although t h i s  proced- 
ure would not apply t o  the pure gravitational units,  



;-2 List a l l  in tegra l  multiples of the desired increment of geometric al- 
:Lt.zde fo r  which atmospheric properties a re  t o  be computed and determine 
:t? corresponding values of geopotential a l t i t ude  t o  nine s ignif icant  
I"L~.res by means of equation (5). 

3 ,  List a l l  in tegra l  multiples of the  same increment of geopotential 
- 1 z 2  --,-tude f o r  which atmospheric properties a re  t o  be computed and determine - -  '-1-2 corresponding values of geometric a l t i t ude  to  nine s ignif icant  figures. 

2 Coxbine the  entr ies  of lists compiled i n  steps A and B in to  a s ingle  
2 s t  arranged i n  numerically ascending values of geopotential, 

3. Cempute values of dg, t o  nine s ignif icant  figures for  a l l  tabulated 
d u e s  of H by means of equation ( la ) .  

3. Compute values of TM i n  OK t o  nine s ignif icant  figures f o r  a l l  tab- 
- 5 t e d  values of H, using equation (8) and the  values of $ tabulated i n  
S%tion 3.1.5 

P. Compute values of TM](TM) t o  nine s ignif icant  figures for  a l l  tabu- 
'at4 values of H, using the  8efined value of (TM),, 288.16O~. 

1 - 
G. Compute values of [ T ~ / ( T ~ ) ~ ]  t o  nine s ignif icant  figures for  a l l  
tabulated values of H, 

Be Compute values of P/P~ t o  nine s ignif icant  figures fo r  a l l  tabulated 
values of H from equations (17a) through (17c), a s  each applies t o  i t s  
respective a l t i t ude  range. 

I, Compute value of M t o  nine s ignif icant  figures f o r  a l l  tabulated 
n l u e s  of H, using equations (24), (24a), and (24b) a s  each applies t o  i t s  
respective a l t i t ude  region, 

J, Compute values of M/M, t o  nine significant figures, using the  defined 
~ a l u e  of Mo, 28.966 . 
K. Compute values of T i n  OK t o  nine s ignif icant  figures, and T/T fo r  
a l l  tabulated values of H above 90,000 mu, using equations (30) an8 (Job), 
in terms of previously determined quantit ies.   e el ow 90,000 m f ,  T = 'IM, 
and T/To - T ~ / ( T ~ ) ~ ;  hence T and T/T0 need not be computed fo r  t h i s  a l -  
t i tude  region,) 

L. Compute values of (T/T,) 3/2 t o  nine s ignif icant  figures fo r  a l l  
tabulated values of H up t o  and including 90,000 mu only, For t h i s  



a l t i t ude  region, 

To " S 
W. Compute values of t o  nine s ignif icant  figures f o r  a l l  tabulated 

T + S  
values of H up t o  and including 90,000 m f  only, using S = 110,k OK from 
equation (31), 

N. Using the  previously established r a t ios  and the following equations, 
compute t o  nine s ignif icant  figures the  values of the eleven r a t ios  of 
atmospheric properties to  t h e i r  respective sea-level values, f o r  a l l  
tabulated values of H, except i n  the case of Cs/(~s)o, P / P ,  , and 

7 )  / q O  , which a r e  computed only t o  90,000 m t inclusively: 



- 
0, Compute the  mks values of g, P, p , Hs, Cs9 V, W V, n, L, 
tr , , and lr, t o  nine s ignif icant  figures i n  t h e  mks absolute 
units by multiplying the  tabulated values of dg0, P / P ~  and the 
tabulated values of each of the eleven r a t ios  l i s t e d  under s tep N 
respectively, by the following corresponding, sea-level values, 
as they a r e  basical ly  defined or as  they a r e  derived by the  
several equations, using the  mks system of units, 

go = 9.80665 m sece2, defined (Section 2.1.1) 

+ ( T ~ ) ~  = 288.16'~, defined (section 3.1.5') 

= 101,325 newtommm2, defined (section 3.2.3) 

Po 
= .76 m Hg, defined (Section 3.203) 

p, =- 1.225,013,998 kg ~n' "~  from equation (18a) 

s6 These properties a r e  l i s t e d  here only for  completeness and a r e  
not used i n  step 0 of the computational procedure since values 
of TH, M, and T have already been tabulated . 



- 

yo = 458.942,035 m sec"' from equation (21b) 

w0 = 12.013,283,5 kg ne2 seae2 tt tt ( 2 3  ) 

3 No = 29.966, defined tt tt (24) 

P, Compute the  values of P, p , o , and p i n  the mks, absolute-force, 
gravi tat ional  units= t o  nine significant figures by dividing the tab- 
ulated mks absolute values of these four properties by 9.80665 m seeu2 
kg kgfml (exact) from equation (36). In principle th i s  procedure is 
equivalent t o  multiplying t h e  tabulated values of P/P*, p/po , w / w o  , 
and p /q by the following sea-level values i n  gravitational 
units t 

Po = 10,332~274,5 kgf m-2, from equation (37) 

= .124,916, 663 kgf see2 m-4, n 11 Po (38 ) 

uo = 1.225,013,998 kgf mm3, n tt (39) 

% = 1.824,709,28 r 10-6 kgf sec mwZ9 I) ta (40 1 

Q, Independently repeat the en t i re  procedure of steps A through P, 
compare the  two resul ts ,  and account f o r  any discrepbcies .  

- - 

)I i See footnote on page 56. 

sr-r; The remaining atmospheric properties of th i s  MODEL a re  numerically 
and dimensionally equal i n  both mks systerns tabulated. 



R, Tabulate the  corrected resu l t s  t o  any desired number of s ignif icant  
figures l e s s  than nine, with values of the  ra t ios  always given t o  one more 
s ignif icant  f igure than the values of t h e  property i t s e l f ,  

7 -3 Tabulations f resentsd 

Of the sixbeen properties discussed, only one, the  mol-volume, i s  not 
tabulated f o r  other than sea-level values, In the  present edition of the  metric 
tables, the values of pressure, density, specif ic  weight, and coefficient of 
viscosity a re  given only i n  the  absolute system of uni ts ,  

7 Significant Figures 

The number of s ignif icant  figures t o  which these tables  might be 
computed is  limited only by the  capabi l i t ies  of the  machine, The constants, 
the  defining properties, and the  functional relationships a re  a l l  specified a s  
being exact, and thus they do not l imi t  the number of s ignif icant  f igures  of 
the tables. Such a procedure makes fo r  in te rna l  consistency t o  any degree desired, 
The choice of the  number of s ignif icant  figures tabulated i n  t h i s  HODEL resulted 
from arbi t rary decisions and does not i n  the  s l ightes t  amount indicate  the  val- 
i d i t y  of the values i n  depicting the  actual  atmosphere, 

The sea-level values of the various properties a r e  g ivm t o  eight or 
nine significant figures depending on whether the  first s ignif icant  f igure is 
greater than o r  Less than 5. Tabulated values of geopotential and geometric 
a l t i tude  a re  l i s t e d  t o  the nearest meter o r  standard geopotential meter, Tabu- 
la ted values of g are  given i n  s ix  significant figures* and values of % t o  f i v e  
significant figures fo r  a l l  a l t i tudes ,  The values of the  remaining properties 
a r e  given- t o  f ive  s ignif icant  figures from -5,000 mu t o  .67f;, 000 rn 8 ,  Above 
75,000 mf, t he  values of these properties a re  given t o  only four s ignif icant  
figures, The ra t ios  of the various properties t o  the i r  respective sea-level 
values a re  given t o  one more s ignif icant  figure than the corresponding value 
of the property. 

Te5 Accuracy of Tabulations 

The metric tables were prepared with the  a id  of desk calculators 
from the equations developed above, The values of the atmospheric properties 
discussed i n  Sections 3 and h were computed independently by two people and 
any discrepancies i n  resu l t s  were resolved, Any errors which may appear i n  the  
tabulated values of these properties w i l l  be due t o  inaccurate copying, The 
tables  of properties i n  Section 5 have been computed only once and here some 
possibi l i ty  of computational error exis ts .  

+ A comparison with a more accurate method f o r  computing g indicates t h a t  
the s ixth significant figure i s  not meaningful fo r  indicating the ac tua l  
effective gravity above about LO km, 



8, Preparation of the English Tables 

8, l  Conversion of Basic U n i t s  

The English tables of THE ARDC MODEL ATHOSPHERE are given i n  terms 
of the foot ( f t ) ,  pound (lb), second (sec), and degree W i n e   OR)^ each 
of which is defined exactly i n  terms of the corresponding units employed i n  
the metric tables,  The second, of course, i s  common t o  both the English and 
metric systems of measurement, The foot and the pound are  defined as  followsa 

The magnitude of the degree Rankine i n  terms of the degree Kelvin i s  derived 
from the  defined relationship of the  two temperature scales: 

T(QR) = 1,8 T(OK) (Ref, 60) 

where T (OR) i s  the absolute temp erature i n  the thermodynamic W i n e  scale. 

From equation (43) one infers  tha t  

and from equations (kl), (421, and (43a) respectively, one determines the  
following three conversion factors : 

These three factors a re  suff icient  t o  convert values of a l l  atmospheric pro- 
perties i n  the mks OK absolute system of units t o  the correct values in the  
fps  OR absolute system of units, 

% WThe round value has been accepted by the U,S, National Bureau of Standards 
and the Commonwealth Standards kboratory as t h e  common basis on which the 
American and Bri t ish representation of the PfootB should be unified when neces- 
sary legal  provision i s  forthcoming 26-28 

8% @This value i s  based on an informal understanding between the  National Bureau 
of Standards (~ashington, D ,C , ) and the Eational Physical hboratory (~eddington, 

' Ehgland) tha t  t h i s  rounded quantity would be convenient i f  the English-speaung 
nations could ar r ive  a t  a f rn basis of conversion from the metric t o  the  
English system of  units, E28 



8.2 Other Necessary Conversions 

8,2,1 English absolute t o  English gravitational units 

A s  i n  the metric system of units, the  English gravitational 
system mployed i n  t h i s  MODEL i s  not a pure gravitational system where the 
unit of force varies with the location i n  accordance with the  value of go 
Rather, the unit of force, the pound force (lbf) i s  taken t o  be tha t  force 
which gravity exerts on a pound mass (lb) a t  a point where g has the standard 
sea-level value of t h i s  MODEL, go. The definition of the pound force i n  equa- 
t ion form is  

llbf = go x l  lb.  (44) 

Dividing the defined metric value of go by the conversion factor  of 
equation (&La) yields 

Thus, 

1 lbf  = 9080665 fi sso-21b 
.3048 

Since force has the  dimension of lbf, and acceleration i s  i n  
f t  see-2 by Newton's second law, mass must have the dimensions of lbf  sec2 f t o l .  
This &nit i s  called the slug. Solving equation ( h a )  f o r  1 lbf  see2 ft-1, one 
ob+.ains : 

1 slug = I. lbf  see2 f t - I  = 9.80665 lbo 
.3048 

Thus we find tha t  t h e  slug, the  unit of mass i n  the English (absolute- 
force) gravitational. system of units is exactly 9,80665/.3048 times as  
Parge as  1 l b  (mass1 The factor  for  converting back and for th  between the 
two Fnglsih systms of units employed i n  t h i s  HODEL i s  therefore: 



8,2,2 Metric gravitational t o  English gravitational units 

The combining of equations (351, (42a), and (45) yields the  
following direct  relationship between the  metric and English gravitational 
units of mass., 

1 slug = 1 (lbf sec2 ftml) = 4453959293 (kgf sec2 n-l)o 
e3048 

Dividing the two right-hand manbers of equation (47) respectively by the  COP- 
responding pa r t s  of equation (bla) y2efids 

1 lbf .: 0453959293 kgf a (48 1 

This equation provides the  factor  for  converting direct ly between the  two 
gravitational systems of t h i s  MODEL: 

8,2.3 Rankine-to-Fahrenheit scale  and Kelvin-to Fahrenheit scale  
conversions 

The relationship of the thermodpamie Fahrenheit temperature 
scale t o  the thermodynamic Rankine scale i s  established by the following def- 
i n i t i o n ~  

t (9) a ti(%) = T (OR) - T~(OR), QB) + where ti(?) i s  defined t o  be 3 2 ' ~  (exact) the ice-point temperature. 

- Using the defini t ion of Ti i n  OK (see Section 3.1.4) and 
equation (43), one obtains 

Introducing equations (43) and (51) in to  equation (50) yields 

I 
8,2,4 Standard geopotential meter t o  standard geopotential 

f 00% 

From equation (41) it follows direct ly that 

1 std ,  geopotential foot ( f t t )  = 0,3048 x 1 std,  geopotential meter m B o  (53) 

Thus the  factor  fo r  converting m v  t o  f t 8  and vice versa beeomes: 

l = 0.3048 m t  ftl"'(exact) (534  

- 
# Basic constant 



8,2,5 Geometric meter t o  nautical mile 

The defined conversion* from meters t o  the  internat ional  
nautical mile ( i  n mi) i n  t h i s  MODEL is: 

9b (i n m i )  = 1,852 meters (exact). (54) 

The conversion factor  i s  therefore: 

8,3 Sea-Level Values of Atmospheric Properties i n  English U n i t s  

By means of equation (43a) fo r  TM or by the proper application of 
equations (bla), (42a), and (k3b) t o  the  mks, absolute, sea-level values of the  
various other atmospheric properties l i s t e d  under computational procedure, s tep 0 
of Section 7,2, the following sea-level values i n  English absolute units= a r e  
derived, The English absolute values of Po, p, , wo , and po , when divided 
by the conversion factor  given i n  equation (46) yield the  sea-level values of 
these properties i n  the English (absolute-force) gravi tat ional  system,*- 

go = 32,174,048,55 f t  seea2, from equation (45a) 

go 
= 1019325 e3048 = = 68,087.266,9 l b  f t - I  seew2 

0453,592, 3 or poundals f-b-2 (56) 

-- -- 

% United States Department of Defense Directive 2045,1, $7 June 1954, directed 
the adoption of the international nautical mile (equal t o  1852 meters) as  a 
standard value with the Department, of Defense -kffective 1 July 1954. 

m See Appendix J, 

ME% A l l  remaining properties a re  numerically and dimensionally the  same in  both 
systems 0 



4 
P " 1*2259013s998 (03'4~) = 203769919399 x 10-3 lbf sec2 ftm4 
0 e4539592, 3 x 9 a 80665 or slugs ft"3 . (574 

No = 28.966 (nondimeilsional) (unchanged) (62 1 

vo = 6.9~0~404, 91 x lo9 SCC-' (unchanged) (66) 



6 =* l 0 7 ~ 9 9 4 ~ ~ 9 5 3  (03048)2x loo' 5 3.737,299,76're10a7 lbf sec fim2 (67a) 
.453,592,3 x 9.80665 

It is  t o  be noted that  only three exactly defined numerical constants were employed 
i n  a l l  the above conversions. Hence the English values may be r e l i a b w  oatpied t o  
any number of significant figures consistent w i t h  the  metric absolute qaluer 

8,4 Calculation of the English Tables 

8.4 1 Functions employed 

This MODEL ATMOSPHERE is  defined exactly in terms of various 
gradients of molecular-scale temperature i n  % r n v - 1  between specific exact values 
of a l t i tude expressed i n  m l ,  and i n  terms of constants defined exactly i n  metric 
units. These definitions cannot be converted exactly t o  English units, Thus it 
is preferable t o  compute English tables from a a c t l y t h e  same equations used 
for  the metric tables, a f t e r  f i r s t  making the necessary conversion of the English 
alt i tudes t o  metric alt i tudes,  and then obtaining the English values of the various 
properties by another conversion, 

I 

I 8,4,2 Altitude increments 

The argument of the English tables, similar t o  the metric tables, 
i s  given i n  consecutive integral  multiples of a fixed a l t i tude  increment i n  both 
geometric fee t  and standard geopotential feet, i.e,, 

n x 2500 f t  arnd a x 2500 f t ' ,  

where n = -6, -5, -4, -3, -2, -1, 0, +-l,2,3btco t o  24. From -15,000 f t c  t o  
60,000 f t '  the increment i s  2500 f t  or f t f ;  from 60,000 f t f  t o  300,000 f tc ,  the  
inCP&nent - is  10,000 f t  or f t  f ; from 300,000 ftq t o  500,000 f t  8, the increment is 
25,00O*ft or ft f; from 500,000 f t  t o  1,000,000 f t  8, the increment is 50,000 f t  
or f t "  and from 1,000,000 f t o  to  1,700,000 f t \  the increment is  100,000 f t  or 
f t 'o  

%,he 3 Altitude conversions 

In  order to  use identically the same equations f o r  converting 
between geopotential and geometric a l t i tude  for  the  English tables as was used . 
i n  the metric tables, these conversions must be made i n  metric units, Thus, t o  
convert the tabulated integral  multiple values of f t  t o  mn, multiply the  a l t i tudes  
i n  f t  by exactly .3048 m ft-1, from equation (4la), t o  obtain the  equivalent in 
nieters, and then convert the resul ts  to mo by using equation (5). This value of 
m t  i s  then converted to  the equivalent i n - f t f  by dividing by exactly 1' f t t - I  



from equation (53a), Star t ing with tabulated, integral,  multiple values of f t  n, 
the conversion t o  me i s  d i rec t ly  by means of equation (53a)o This value of m u  
i s  then converted t o  m by means of equation (6), and the corresponding value 
of f t  i s  then obtained by means of equation (hla) , Since t h e  conversion factors  
cited and t h e  constants of equations ( 5 )  and(6) a re  a11 defined to be exact, the 
conversions may be carr ied t o  any desired number of s ignif icant  figures,  

8 Computational procedure 

Having arranged i n  sequence the values of m t  for each English 
al t i tude t o  be tabulated, the computation of the tables  proceeds exactly as 
indicated i n  Section 7,2, steps D through B, but stopping short of 0, 

Compute the values of TpJI and T i n  OC t o  nine significant 
figures from the  Kelvin values by means of equation (9). Compute the values 
of TM and T i n  OF t o  nine s ignif icant  figures from the  Kelvin values by using 
equation (SO), 

Compute the values of the r a i n i n g  properties i n  English 
units from the  multiplication of the r a t i o s  of the  various properties determined 
i n  s tep N by t h e i r  respective sea-level values i n  the desired English absolute and 
absolute-f orce units, 

804,5 Tabulated values 

In t h i s  edition of the  PIODEL, only half of the  properties dis- 
cussed a r e  contained i n  the  English tables.  The properties tabulated a r e  those 
designated by g, I?, p , , T, p d It shouldbe noted tha t  p and p 
are given only i n  Type I, absolute-force, gravitational units, while P is given 
no t  only i n  t h i s  system (Ibf ft-2) but also i n  mb and i n  inches of Bg, Temper- 
atures i n  t h e  English tables  a r e  given i n  OC, 9, and OR. 

These tables  were prepared from a single computatio~i using 
desk calculators; a s  the values have not been checked by independent calculations, 
some chance of error  ex is t s ,  

Above 60,000 f t  the  a l t i t ude  increments of the English tables  
are considerably larger  than the increments of the  metric tables, 



9 ,  Conclusions and Recommendati ons 

The tab les  included i n  t h i s  report  a te  based on the t o t a l i t y  of the  
available, reputable, atmospheric data from observations of the upper 
atmosphere to  160 lan, and above t h i s  al t$tude, on estimates and theories 
acceptable a t  the time of this writing, 1956e The Geophysics Research 
Directorate, AFCRC, ARDC, believes t h a t  Q e s e  tables  provide the  best  rep- 
resentation of the properties of the upper atmosphere consistent with a 
segmented, l inear ,  temperature-al t i tude  function* 

It is  recommended t h a t  these tables  be used as  the basis  for all a i r c ra f t  
and missile design work within ARaC and by i ts  contractors. 



Section 10 

ARDC MODEL U'MWHERE, 1956 

KOTE: Superscripts appearing i n  the follucsing 
tables  indicate the power of ten by which each 
tabdat  ed TT&.E~ sho-dd be multiplied , 



METRIC TABU I 

TEMPERATURES AND MOIXCULAR WEIGH'I' AS FUNCTIONS 
OF GEOMETRIC AND GEOPOTENTIAL ALTITUDE 

ALTITUDE 

1.11287 28.966 1. ooooo 
1.11278 
1.09028 
1.09023 
1.06770 
1.06767 
1.04513 
1.04511 
1 .ow56 
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-751874 28.966 1. ooooo 



m T R I C  T.ABI.8 I CONTINUED 

751874 28.966 1. ooooo 
0 751874 - 751874 
751874 
751874 
751874 
751874 
751874 

* 751874 
751874 

24,902 
25,000 
25 7 894 
26,000 
26,886 
27,000 
27,877 
28,000 
28,868 
29, ooo 



246.09 .853988 28.966 1. ooooo 
246.66 .855983 
249.05 .864283 
249.66 .8663g4 
252.02 .874575 
252.66 .876805 
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278 76 967379 28.966 1. ooooo 



699 238 
70,000 
70,216 
71, OQO 
71, 194 
72,000 
729 171 
73,000 
73,148 
74,008 



METRIC TABU I CONTIrnD 

MOLECULAR WEIGHT 

go, 000. 
90,264 
91,000 
91,293 
92,000 
92,322 
93,000 
93,351 
94,000 
94,381 

694999 28.966 1. ooooo 
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.683162 - 
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.683162 196.9 .68316 28.96 1. ooooo 
,691526 197.0 .68355 28.63 ,98848 
.6g5y18 197.1 .68395 28.49 .98367 
~ 0 3 3 2 5  197.5 .68523 28.22 .9742g 
*707454 197.7 "68609 28.09 ,96980 
"715109 198.3 .68799 27.87 ' .96208 
.71g600 198.6 .68929 27.75 .95787 



98,451 226.44 .785811 207 .o 71833 
gg, ooo 228.36 .7g2476 208. o -72196 
99,420 22g,83 -797582 208. g .72481 
loo, 000 231.86 .804622 210. o .72881 
100; 389 233.22 -809349 210.8 .73155 
101, ooo 235.36 .816768 212.1 .735g2 
101,358 236.61 .821113 212.8 ,73852 
102,000 238.86 .828g14 214.2 74325 
102,326 240 .oo .832873 214 g .74568 
103, ooo 242.36 .841061 216.3 ,75078 

108,129 260.31 
log,ooo 263.36 
109, 095 263 * 69 
1-10, ooo 266.86 
110,061 267.07 
111, ooo 270.36 
111,026 270.45 
111,992 273 4 83 
112,000 273.86 



JEX"I'IC TABLE I CONTINUED 

117,777 294.08 1.02054 
118,000 294.86 1.02325 
118,740 297.45 1.03224 
119, ooo 298.36 1.03540 
119,703 300.82 1 04393 
120,000 301.86 1 04754 
120,665 304.19 1 .o5562 
121,000 305.36 1.05969 
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METRIC TABLE I CONTINUED 

260,000 249,784 
260,235 250,000 
265,000 254,395 
265,657 255,000 
270,000 258, 999 
271,088 260,000 
275,009 253,597 
276,528 265 , ooo 

300,000 286,480 145g04 5.06470 939.3 3.2596 18.64 .6435g 
303,862 290, ooo 1479.9 5 ~ 3 5 5 5  948, 2 3.2905 18.56 .64072 
305,000 291,036 1485.9 5.15640 950 8 3.2995 18.54 .63g89 
309, 356 295,000 1508 -9 5 23619 960.8 3.3344 18.45 63679 
310,000 295,585 1512.3 5.24797 962.3 3.3395 18.43 .63634 
314,859 300,000 1537 9 5 33683 973 5 3.3783 18 34 .63302 

ALTITUTE 

320,000 304,663 1564 -9 5.43069 985.3 3.4194 18.24 "62964 
325, 893 310,000 1595 9 5 53810 988 "9 3*4665 18.13 62593 
330,000 313,714 1617 4 5.61286 1008 3 4993 18.06 .62344 
336,963 320,000 1653.9 5.73938 1024 3.5549 17.94 =61938 
3 4 ~ ,  ooo 322,738 1669.7 5.79449 1031 3.5791 17.89 "61767 
348,069 330,000 1711 a 9 5,94066 1050 3.6435 17.77 .61331 

~ , m  I 

TEMPERATURE 
MOL;E@ULAR SCAm ) REAL KINETIC I MOLECULAR WEIGHT 

T ~ , O K  I TM/TMo M T, 0K M / M ~  



METRIC TABU I CONTI- 



PRESSURE, DmSEm AND ACC-ION OF GRAVITY AS P-mCTPONS 
OF G E W T R I C  AlID GEOlWlXNTm ALTITUDE 

o l.013a5'3 1. ooooo 1.2250 1. ooooo 9.80665 
999.8 8.9876'2 8,87008-1 1.1117 9.07475-19.80356 

1,000 8.9875 8.86994 1,1117 9,07464 9.80356 
1,999.4 7 9501 7 84615 1.0066 8.21671 g 80048 
2,000 7.9495 7.84556 1.0065 8,21622 g 80048 
2,998.6 7 a 0121 6.92039 9.0926-1 7.42243 9.79740 
3,000 7.0108 6.91917 9.0913 7.42137 9 79740 
3,997 5 6.1660 6.08537 8,1935 6.68847 9.79432 
4, ooo 6.1640 6.08339 8.1913 6.68@(1 9.79431 

9,98b.3 2.6500*" 2. 61532-I 4.ljgl-I ~.57554-~ 9.7758.7 .9960612 
l0,OOO 2,6436 2.60903 4,1270 3.36896 9.77582 -9968562 
10,981 2.2700 2.24030 3.6430 2.97792 9.77280 .9965481 
11, ooo 2.2632 2.23358 3.6391 2.97069 9.77274 .9965421 
11,977 1 a9399 1.91455 30 1193 2 0 5U37 9 0 76973 e9962352 
12,000 1.9330 1.90774 3.1082 2,5 3731. 9,76966 .j3$2281 
12,973 1.6579 1,63626 2 -1459 2.1762b g ~6656 .99592e4 
13, ooo 1.6510 1.62943 2.6548 2.16716 9.76650 .9959140 
13,969 1.4170 a. 39849 2.2785 1.86001 9.76360 L 9956098 
14,000 1.4102 1.39172 2.2675 1.85180 9 76350 .99550~l 









METRIC TAI3I;E 11 CONTINUED 

75,000 
75,895 
76,000 
76,920 
77 J 000 
77,944 
78,000 
78,969 
79,000 
79999b 

80,000 
81,000 
81,020 
82,000 
82,045 
83,000 
83,072 
84,000 
84,098 

85,000 
85 J 125 
86,000 
86,152 
87,000 
87,179 
88,000 
88,207 
89,000 
89,235 

go, 000 
go, 264 
91,000 
91,293 
92, 000 
92,322 
93,000 
33,351 
94,000 
94,381 

74,125 
75,000 
75,102 
76,000 
76,078 
77,000 
779 055 
78,000 
78,030 
79,000 

79P 006 
79,981 
80,000 
80,956 
81,000 
81,930 
82,000 
82,904 
83,000 

83,878 
84,000 
84,852 
85,000 
85,825 
86,000 
86, 798 
87,000 
87,771 
88,000 

88,744 
89, ooo 
89,716 
go, 000 
go, 688 
91,000 
91,659 
92,000 
92,630 
93,000 



95,000 93,601 9.905-~ 9.7759-7 1.64+ 1. 344y6 9 51998 .9707675 
95,411 94,000 9.284 9.1622 1.5% 1.2521 9.51876 ,9706439 
96,000 94,572 8.466 8.3552 1.386 1.1311 9.51703 .9704666 
96,441 95,000 7.905 7.8021 1.285 1.0488 9.51573 .9703339 
97,000 95,542 7.254 7.1590 1.169 9.5392-7 9.51408 .9701659 
97, 4-72 96,000 6.749 6.6612 1 a 079 8,8106 9.51269 .9700240 
98, ooo 96,512 6.231 6.1492 9,882-7 8.0671 9.51113 .g6g8654 
98, 503 97, 000 5 0777 5 7015 9 * 092 7 0 4220 9.50965 9697142 
99,000 97,482 5.365 5 -2944 8.379 6.8399 9.50818 .9695649 
99 , 534 98,000 4 957 4.8920 7.680 6.2691 9.50661 .g694044 
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METRIC TABU 11 CONTINUED 

ACCEURATION 
UENSITY OF r,WIV.TY ALTITUDE PI3E3SURE 

P,mb 
9 

Z,m 

140,000 136,983 5. 336-6 5.2662-9 4. 2g6-9 3 . 5 0 7 1 ~ ~  9 .9855 .g5736660 
143,153 140,000 4.238 4.1831 3.190 2.6042 9.37945 .9564375 
145,000 141,766 3.729 3.6807 2.704 2.2072 9.37412 ,9558941 
148,385 145,000 2.985 2.9464 2.028 1.6555 9.36437 ,9548796 
150,000 146,542 2.698 2.6628 1 :779 1.4525 9.35972 .9544256 
153,625 150,000 2.173 2.1442 1.345 1.0977 9.34930 ,9533630 
155,000 151,311 2.008 1.9820 1.215 9.9162-109.34535 +952960:j 
158,874 155,000 1.624 1.6032 9. 234-1° 7.5380 g 3 3424 .9518276 

HJml  



300, ooo 286,480 1. 970-8 1. 9442-l1 4. 703-12 3. 8388-l2 8.94266 .g118972 
303,862 290,000 1.815 ~7914 4 ~ q 3  3,4883 8,93229 09108399 
305,000 291,036 1.772 1 7492 4,156 3 3923 8 - 92924 9105288 
309,356 295,000 1.619 1-5979 3.738 3.0517 8 91757 9093391 
310,000 295,585 1.598 1 " 5769 3.681 3.0048 8,91585 .9091636 
314,859 ,300, ooo 1.447 1.4284 3 - 279 2.6765 8 90287 9078396 



METRIC TABU I1 CONTINUED 

I 

ALTITUDE PRESSURE 

I 
DENSITY 

ACCELERATION 
OF GRAVITY 

29' 

350,000 331,735 7.437-9 7. 33g3-12 1.505-l2 1. 2282-12 8.80982 .a983512 
359,213 340,000 6.326 6.2432 1.245 1.0165 8.78566 .8958882 
360,000 340,705 6.241 6.1589 1.226 1.0005 8.78360 .a956782 
370,ooo . 349,648 5.266 5.1973 1.005 8.2026-l3 8.75751 .8930172 
370, 394 350,000 5.232 5.1631 9.971-l3 8.1396 8.75648 .8929127 
380,000 358,565 4.467 4.4088 8.289 6.7665 8.73153 .8903680 
381,612 360,000 4.352 4.2954 8 .o40 6.5634 8.72735 -8899421 
3g0,ooo 367,456 3.808 3.7584 6.877 5.6141 8.70566 .8877305 
392,867 370,ooo 3.641 3.5934 6.526 5.3270 8.69827 .8869765 

H,mt , ~,kc/rn3 I PIP ,  g,m/sec2 P,mb g/go P 



C TABU IIH 

VeBscity of Soma, Par t ic le  S p ~ e d ~  blo%ecubr -Scab Temperature Gradf ents 
and Scale Beigh.9; a8 ZFLanctPone og GewtrPc and Ckagotential Altitude 
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-4,000 
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-10 999 0 'h. 
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METRIC TIABL;E 111 C O N T I m D  



METRIC TAEiI;F: I11 CONTZNIED 



132, ooo 129; 315 
132,774 ~30,~OO 

-00 10e27 
10,45 
lo. 56 
10.76 
lo, 86 
11.07 



METRLC TA33U III GaMTINUED 

180, ooo 175> 043 
185,000 si"j', 768 
185,245 180,000 
190, ooo 184,486 
190,545 185, ooo 
ag5,ooo 189,196 
195,854 ago, ooo 



2 ) ~  -Q, OOQ 231,268 3 5 9  k.2576 qlzey 1~9853 I I 

2:~.1!., 021 255- 000 s 7:5; 64~ ac . 51b5e 2 20~071. 
2k5, O:?Q 235,908 36 "81 kt. K ~ ~ L L T  

I 

C ./ 923.2 2-9117 
2h.9 k1.7 240, ooo II 37 .. 61 4 -4.595 9 5 ~ 6  2.0320 
250; coo s\&-0,51ro k -37.72 EL 47 21 933.8 2 - 0347 
2'jh, 821 2t!-5> 000 ?EL59 ""5357 3 3 . 5  200566 
255, ooc 245-1-65 58 "63  94 . 5 796 9":~1.".3 2,0575 

t 
n 

~ O G ,  000 236, i-1.8~ k6,84 5.55k.c ?,a33 2 - 2505 
30 3,862 293, aoc 4.7.56 5,,6733 x,o;co 2,2652 
305, COO s?.,, 0% h.7 ,76 5 .@I jr 3- 0~4.2 2 21,27(3% 
39,356 2$5,~00 i~8.57 5.-(582 1,053 2 2383 
31-0, oao 295,585 !;-8.69 5.7723 i: 051 2 - 2909 
314,859 PO, C ~ O  '*!.9.58 5 8786 1,050 2,3102 

320,000 pk ,663  59.53 5-9912 1,070 2 , 3 p S  
325,893 310, aoo 51-62 6.1295 1,080 2 - 3533) 
330, c2CO 313, ? l j ~  52.39 6n2108 L , c ~ ?  2 a 9691 
376,963 326, ooc 53.68 6.3Sk1 1 ~ ~ 9 9  2.5957 
90, soo 3122,7:~ I 5 2 6. Fqag 1; 185 2 1~072 
31c8,o69 y o ;  ooo 6 5 5 ~ 4  6.6o~a 1,119 2,1:-375 



L M ~ ~ ~ I C  TABLE 111 CONTINUED 
Q 

590, QQQ 

3937 970 
boo, 000 
4@7 756 
4-10, QOQ 
bu, 516 
420,000 

4'20,250 
4B,959 
459, ~ 0 0  
h37,64.2 
kk0,OQO 
&4,30&a 
450, QQQ 
454,972 
460,000 

u3, 5b 
4~0~0~0 
k72,12% 
4-80, QOQ 
480,679 
489, 212 
&PO, 000 
@a, 719 
500,008 

0b068 10,0393 
86.14 10.2129 
86.62 10 2701 
88.42 10~4832 
88.58 lo. 5016 
90 53 10 7338 
90.71 10.7553 
9P050 10.9665 
93. Q2 11.0292 



P'IETREC TABLE I V  

VISCOSITY,  KINEMATIC VISCOSITY, AND S P E C I F I C  WEIGHT 
A S  FUNCTIONS OF GEOLWTRIC AND GE0POTEN"GLAL ALTITUDE 



METRIC TABLE IV CONTI:N[JED 





METRIC TABU IV CONTINUED 



go, QQO 
90,264 
91,000 
91,293 
92,000 

939 OQQ 
93,351 
94,000 
94,381 

88,74bb 
89,000 
899 716 
90,000 
go, 688 
91,000 
91,659 
92,000 
92,630 
939 000 



97,472 96,000 1.027-~ 8.5465 
98,000 96,512 9.399 7.8240 118,000 115,850 5.189 4.3194 
98,503 97,000 8.646 7,1972 118,156 116,000 5.088 4.2349 
99,000 97,482 7.967 6.6317 llg,ooo 116,813 4 -575 3.8085 
991534 98,000 7.301 6.0773 119,194 117,000 4.466 3.7172 

120,232 118,000 3 ., 926 3.2679 
121, 000 118,740 3 573 2 9738 
121,270 119,000 3.457 2.8773 

102,000 100,389 4.925 4. 0995 122, 000 119,703 3.164 2.6335 
102,631 101,000 4,463 3.7154 122,309 120,000 3.048 2.5371 
103 ,000 181,358 4.215 3.5088 123, 000 120,665 2 805 2.3353 
103,663 102,000 3.807 3 1686 123,348 121, 00s 2.692 2,2404 
104, OOQ 102,326 3.616 3 0099 124,000 121,627 2,491 2. 0737 
104,696 103,000 3 254 2,7086 124,387 122, 000 2.380 1.9812 

107,800 105,229 2.312 1.9248 
1-07> 798 106, 000 2 060 1 7145 127, $07 125, 000 1.659 1.3812 
108,000 106,196 2. 000 1,6651 128, 000 125,473 1.569 a. 3062 
108,832 107,000 1 776 1,4782 128,548 126,000 1.475 1 2280 
109,000 187,162 1 734 1.4435 129,000 126,434 1.391 1 1575 
109, 867 108, QOO 1 534 1.2771 129,589 127,000 1 289 1 0728 

132,714 130, 000 8.795 7.3214 
135> 000 132,193 6,783 5.6462 
137,929 135,OQQ 4,965 401333 



METRIC TABU I V  CONTINUED 



METRIC TAB.ZE LV CONTINUED 



METRIC TABLE V 

FREE PATH, COLLISION FREQUEPJCY AND NUMBER DENSITY AS FUNCTIONS 
OF GEOMETRIC AND GEOPOTENT IAL ALTITUDE 

9,984.3 1 .9646-7 2.96249O 2 .056P9 
lo,ooo 1.9685 2 -96827 2.0517 
lo,  981 2.2269 3 35805 1.7875 
11,000 2.2324 3.36622 1.7826 
11,977 2.6044 3.92715 1.5280 
12,000 2.6137 3.94118 1.5226 
12,973 3 00473 4 * 59508 1 3059 
13,000 3.0601 4.61434 1.3005 
13,979 3.5653 5.37614 1 + 1162 
14,000 3.5828 5.40247 1.1107 

1. ooooo 2. 547625 1. ooooo 
8. 97183-1 2.3118 9 .  07475-1 
8.97171 2.3118 9.07464 
8.02929 2.0933 8.21671 
8.02910 2.0931 8.21622 
7.16701 1.8909 7.42243 
7.16587 1.8906 7.42137 
6.37980 1,7039 6,68847 
6.37792 1.7035 6.68671 



ALTITUDE I/ b W l  FETE PAT5 ( 1  COL&ISION FREQUENCY (1 NUMBER DENSITY 

24,902 
25,000 
25 , 894 
26,000 
26,886 
27, ooo 
27,877 
28,000 
28,868 
29,000 

29,859 
30,000 
30,850 
31,000 
31,840 
32,000 
32,830 
33, 000 
33,819 
34,000 



METRIC TABLE V CONTINUED 



PETRIC TABLE V CONTINUED 

ALTITUDE FREE PATE 

~ , m  1 H , m f  I 
COLLISION FREQUENCY 

55,000 54,528 i . 3jj5-4 2 .01072' 3. 3 7 ~ 6 ~  4 . 8 ~ 3 4 6 - ~  1.2670" 2-97 ~ 3 5 ~ ~  
55,480 55,000 1.4043 2.11756 3.1918 4.61214 1.2031 4.72241 
56,000 55,511 1.4859 2.24060 3.0056 4.34305 1.1370 4.46310 
56,498 56,000 1.5690 2.36593 2.8364 4.09858 1.0768 4.22666 
57,000 56,493 1.6582 2.50046 2.6742 3.86427 1.0188 3.99926 
57,516 57,000 1.7559 2.64766 2.5163 3.03601 9. 621g2' 3.77692 
58,000 57,476 1.8534 2.79479 2.3755 3: 43261 9.1154 3.57809 
58,534 58,000 1.9682 2.96784 2.2284 3.21998 8.5839 3.36945 
59,000 58,457 2.0749 3.12871 2.1066 3.04404 8.1425 3.19620 
59,553 59, ooo 2.2100 3.33242 1.9698 2.84637 7.6448 3.00083 

NUMBER DENSITY 
I 

L,m j L/L, ll-b , s ~ c - ~  1 d / ~ i  -3  ./no 



bIETRIC TABLE V CONTIPmD 



METRIC TABU V CONTINUED 

97,000 
97, 472 
98, ooo 

108,129 
log, ooo 
109,095 
110, ooo 
110,061 
111,000 
111,026 
111,992 
112,000 



m"GREC TABLE V CONTINUED 

120, OQO 
120,232 
121,800 
121,270 
122,000 
1229 309 



METRIC TABU V CONTINUED 
I 
I 

I NUMBER DENSITY 

180,000 175,043 ~.525+~ 3.808'~ 
185,000 179,768 3.119 4.703 
185,245 180,000 3 ~ 5 1  4.751 
1-90, ooo 184,486 3.826 5.769 
190,545 185,000 3.910 5.896 



METRIC TABLE V CONTIWD 



METRIC TABU V CONTINUED 

NUMBER DENSITY 

n ,m-3  

C O L L I S I O N  FREQUENCY ALTITUDE 

n/n, v ,sec- l  

MEAN FREE PATR 

2 9  v / v 0  L,m ~ , m '  L/L, 



MOLECULAR SCALE VEMPERATURE IN DEGREES KELVIN 

G R D 
MOLECULAR SCALE TEMPERATURE VS GEOPOTENTlAL ALTITUDE 

8 JUNE 1956 FIGURE 1. 



TEMPERATURE IN DEGREES KELVIN 

REAL KINETIC TEMPERATURE VS  GEOPOTENTIAL ALTITUDE 
GRD F'IGT.Jm3 2. 

MARCH 1957 
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MOLECULAR VJE16NT 

L7OCECMLAR WEIGHT VS GEOPOTENTIAL ALTITUDE 
en0 

VCD. I*D7 
FIGURE 3 



LOG,, P PRESSURE IN  MILLIBARS 

'PRESSURE VS. GEOPOTENTIAL ALTITUDE 
FIGURE 4. 





SCALE HEIGHT IN KILOMETERS 
O R 0  

YARCH lss? SCALE HEIGHT x 10'" 

SCALE HEIGHT x 1 0 ' ~ c m  

SCALE WEIGHT V S  GEOPOTENTIAL ALTITUDE 
FIGURE: 60 



PARTICLE SPEED In mlsec 

PARTICLE SPEED VS GEOPOTENTIAL ALTITUDE 
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SOUND SPEED VS GEOPOTENTlAL ALTITUDE 
O R D  

M A R C H  0937 F-igure 8 



1.3 1.4 1.5 1.6 1.7 1.9 

C O E F F I C I E N T  O F  V I S C O S I T Y  x 105 i n  k g  rn" sec:' 

COEFFlC lE  NT  OF  VlSCOS I T Y  x lo4 in g m  cm-I sec" 

( O R  P O I S E )  

C O E F F I C I E N T  O F  V I S C O S I T Y  V S  G E O P O T E N T l A k  A L T I T U D E  
G R D 

M A R C H  1957 Figure 9 



KINE MATIC VISCOSITY VS GEOPOTENTIAL ALTITUDE 
an0 

W A ~ H  I957 Figure 10, 
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MEAN f REE PATH V S  GEOPOVENTIAL ALTITUDE 
manen ua17 FIGURE 12, 



-3 - I  0 I  2 3 4 5 6 7 8 9 1 0  
LOG; E w  COLLISION FREQUENCY. SEC-I 

COLLISION FREQUENCY VS GEOPOTENTIAL ALTITUDE 

F I G W  13, 
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Section 11 

OF THE 

W C  MODEL ATMOSPHERE, 1956 

NOTE: Superscripts appearing in the following 
tables indicate the power of ten by which each 
tabulated value should be multiplied, 



ENGLISH TABLE I 

TEMPERATURES, MOLECULAR WEIGHT, GRAVITATI ONAL ACCELERATI ON 
AS FUNCTIONS OF GEOMETRIC AND GEOPOTENTIAL ALTITUDE 

-15000 -15011 44.739 112,531 572,22 1.10320 28,966 1.00000 
-14989 -15000 44,668 112,492 572.18 1 10313 
-12 ,oo -12508 39.780 103.604 563 29 1.08599 ' -12493 -12500 39- 765 103.577 563.27 1 a08594 

1 -10000 -10005 34,822 94,679 554 37 1 06879 
-9935.2 -loo00 34.812 94 a 662 554.35 1.06875 
-7500 -7502.7 29.864 85.756 545.44 1.05158 
-7497.3 -7500 29 859 85 746 545.43 1.05157 +' a, 
-5000 -5001.2 24.908 76.835 536.52 1.03439 q+ a, 
-4998.8 -5000 24.906 76.831 536.52 1.03438 \D 

-2500 -2500.3 19.954 67.916 527-60 1.01719 Ln A +J ., a) 
-2499,7 -2500 19.953 67.915 527.60 1.01719 o\ k a, 

o\ 
CU 'a 

O O 15.000 59.000 518.69 1. 00000 o rl ~n 

2500 2499.7 10.048 50.086 509.77 -982814 c, cn .\ 
2500.3 2500 10.047 50.085 509.77 .982812 i cn 

CU 
5000 4998.8 5.096 41,174 500.86 ,965632 3 o 
5001.2 5000 5e094 41.169 500.86 965623 X +J 
7500 -F 7497.3 0.146 32.263 491.95 -948453 m 

7502.7 7500 0,141 32.254 491.94 .g48435 cd 8 
k 

9 
+' 

0 .rl 

10000 9995.2 -4.803 23.355 483.04 .931279 w +' rl 

10005 10000 -4.812 23.338 483.03 0931247 \D \i, td 

12500 12493 -9.750 14.450 474.14 .914110 o\ - o k 

12508 12500 -9.765 14-423 474.11. .914058 a cu ~ - 1  

15000 14989 -14*697 5.546 465.23 -896944 % o o 
15011 15000 -14 * 718 5 508 465 20 -896870 o o 
17500 17485 -19 . 642 -3.356 ; 456 .33<, . .87978a-, +J 0 

17515, -, -17500 - 1 9 . 6 7 ~  -):408 '456.2pi "' 8 7 9 6 8 ~  ,- 
? /  - w 

20000 - 19981 -24.586 -I? .ey 5 '447 j4-3 ,," .86262$? 
200L9, ' 20000 -24.624 -12.323, 447,36 . 86kb93 - 
22500 ' - 22476 -29.529 -21.152 458,54 .84$$?~ ' 
22524 22500 -29.577 -21.239 438,4 j ,8G5305 ' 
250 4970 - 34.471 -30.047 429,64 , 828,322 - 
253 5000 -34.530 -30.154 42g.5f8, L08h8~16 
275 74 9.411 -38,940 > 4 2 0 ~ 7 5 -  , ,8 ~ ~ 7 7 -  
275 75 9 -487 -39 .b69 420.62 . 8  1 0$?8( 2 



3 

ENGLISH TABLE I COl!lTINUED 

28.966 1. ooooo 

60000 
60173 
70000 
70236 
80000 
80308 
82345 
goooo 
90390 

59828 
60000 
69766 
70000 
79694 
80000 
82021 
89613 
goooo 



ENGLISH TABLE I CONTINUED 
1' 

TEMPERATURE OLECULAR WE1 

,870212 28.966 1. ooooo 
-872390 
a 901567 
.go4123 
932893 

0 935855 

28.966 1. ooooo 



ENGLISH TABLiE I CONTINUED 

862768 
gooooo 
908611 
950000 

gooooo 
940590 
950000 
995339 



E N G L I S H  TABU I CONTINUED 



ENGLISH TABU I1 

PRESSURE IWD DENSITY AS FUNCTIONS OF GEOMETRIC AND GEOPOTENTIAL ALTITUDE 

- 

ALTITUDE 11 
- 

PRESSURE 11 DENSITY 

o o 1 0 2  2. 9g211 2. ~ 6 2 ~  1. ooooo 2. 3769- 1.ooooo 
2500 2499.7 9.2501 2.7315 1.9319 9 . 1 2 9 0 9 ~ ~  2.2079 9.28873-l- 
2500.3 2500 9.2500 2.7315 1.9319 9.12899 2.2078 9.28865 
5000 4998.8 8.4311 2.4897 1.7609 8.32084 2.0482 8.61699 
5001.2 5000 8 .497 2.4896 1.7608 8.32046 2,0481 8.61668 
7500 7497.3 7,6720 2.2656 1.6023 7.57170 1.8975 7 a 98321 
7502.7 7500 7.6712 2.2653 1.6022 7.57092 1.8974 7.98254 ~ 

~ , f t  ~ , f t '  
lbf sec 

2 

~t f t 4  p/po ~ , m b  f'/f'o  in H@: 
lbf  - 

P 9 f t 2  



ENGLISH TABU I1 CONTINUED 



ENGLISH TABU I1 CONTINUED 



ENGLISH TABLE I1 CONTINUED 



EXGUSH TABLE I1 CONTINUED 



SOUND SPEED, VISCOSITY, AND KINEMATIC VISCOSITY AS 
FUNCTIONS OF GEOMETRIC AND GEOPOTZN!L"IAL ALTITUDE 







' 300 500 700 900 I100 1300 1500 1700 1900 2100 '2300 2500 2700 2900 

TEMPERATURE I N  DEGREES RANKINE 

EGmE .IS, K I N E T I C  T E M P E R A T U R E  V S  GEOMETRIC A L T I T U D E  
G R D  

DEC 1956 



Figbare 16, PRESSURE VS GEOMETRIC ALT1,TUDE 
G R D  

OCT 1956 







APPENDIX A C O M I W D  

C W A R I S O N  OF' PROMIEM' AGROWWI'ICAL STANDARD A T 140SPm 

Temperature-Altitude Profile8 



Constants 

Defined Independent Phyaical Constants Adopted as Being Exact 

mks absolute units 

go = 9.806,6j n sec- l  

6.1, = 28,966 (dimensionless) 

cgs uni ts  

980.665 em- see -1 

28,966 (dimensionless) 

N = 6.023,80 x (dimensionless) 6.023~80 x (dimensionless) 
( for  n kg-mol) ( for  a gna-mol) 

6 1.013,250 x 10 dynes emo2 
or 76.0 ca of mercury 

R* = 0.314,39 x lo3 joules (OK)-' kgS1 8.314,39 x 10 7 ergs ("K)""' gnagnal 

6 r = 6.356,756 x 18 m 6.356,766 x 10 8 can. 

to = 1 5 ' ~  15°C 

6 1 1 
0 = 1.458 x 10- kg see-' ~-'("K)-H 1.458 x lou5 gm seev1 CP-'("K)='F 

-=@ [or poise (OK) J 

English Units 

ti = 3 2 " ~  



Conversions 

Defined and Derived Conversion Factors 
for 

Transformtion of 1Jn.its and Scales 

1. Metric to English Co~versions and Vice Versa 

a. Defined relations 

1 foot = 0.384,8 meter (exact) 
1 international nautical mile = 1,852 meters (exact) 
1 pow-d = 8.453, 592, 3 kilogram (exact ) 

b. Derived rel%t%ons 

lmetes =3.280,839~895~013feet 
1 meter = 50399,568,034,557 x low4 international nautical miles 

(i n mi) 
1 kilogram = 2.204,622,962,070 pounds 
1 (i n mi) = 6,076,115~48 feet 
1 foot = 1.645, 788,33 x (i n mi) 

c. Conversion factors 

2. Geometric Altital-dde to Geopotential Altitude 

a, Defined re1at.ions 

1 standard geopatential meter = 9.806~65 joules kg-1 (exact); 

where G = 
1 m ( exact ) 

= 9.806~65 m2 sec-' m q  



1 b; tanckrd gcopatent iezl f 00t = 0.564,8 standard geapotential meter 
(exact) 

1 standard geopotentB1 meter = 3.280,839,895,013 standard gematen-  
ti& feet 

3 Temperature Up@.$ wd 6cale Canversions 

s. Defhed relations 

%("c) El TPK) - T ~ P K )  
wh~re T ~ ( ~ K )  = 273,1bQ~ 

T(*R) =z 1 8 T1 OK) 
~ P F )  k i ( " ~ )  = T ( @ R )  - T - ~ ( @ R )  

where ti("3?) =  OF) 

c Cwversisn f a c t o r s  

4baaLkut;e @y@$eg~ t@ Absolute -Force, Gravitational Systems -, 

L hil-a (farce), kg$ = 9.806,65 m sees2 x 1 kilogram (mass), kg. 

1 $ad (face) ~ b f  = 9 8'6x'5 ft Bee-* x 1 pound (mass), ib. 
T 



b . Derived relations 
1 kgf sec2 i1 = 9.806~65 x 1 kg 

9 806 65 1 1b 1 slug = I lbf sec2 ft-I = 

1 lbf = .453> 5929 3 kgf 

c, Conversion factors 

1 = 9.806~65 m kg kgf-' 

1 = .453,592,3 kgf lbf-I 



where $ i s  given by the following table 

LM i n  OK mt-I Altitude Layer i n  m' 

-0.0065 exact 
-0 -0065 exact 
0.0 exact 

+0.0030 exact 
0.0 exact 

-0.0039 exact 
0.0 exact 

+0.0035 exact 
+0.0100 exact 
+0 -0058 exact 



M = 28,966 (exact) 
< < 

For 90,000. m' = H = 175,000. m' 

< < 
For 175,000. m' = H = 500,000. m' 



APPENDIX E 

Sea-Level Values of the Atmospheric Properties in Metric Units 

mks units 

C )  340~292,046 m sec-l 

Mo 28.966 (dimensionless, exact) 

MPo 28.966 kg (exact) 

2.547,552,07 x 10 25 ,-3 no 

Po 101,325 nt i2 

Po .76 m ~g 

Po 10,332.274,5 kgf i2 

To 288.16"~ 

(T~), 288.~6~~ (exact) 

- 
Tdo 458,942,035 m sec;" 

Vo 23.645,444,1 m3 for a kg-mol 

qo 1.450,741,29 x lo'5 m2 sec-l 

Lo 1.789,428,53 x kg m-l see-' 

cgs units 

34,029.204~6 cm sec'l 

980.665 cm 

8.434,413,43 x 105 cm 

6.631,722,29 x cm 

28 -966 (dimensionless, exact) 

28,966 gm (exact) 

2.547,552,07 x 1019 emm3 

1,013,250. dynes 

.76 cm ~g 

288.16 OK 

2 8 8 ~6"~ (exact) 

45>894.203, 5 cm seem1 

3 23, 645 4&,1 cm for a gm-mol 

1.460,741,29 x 10-I cm2 sec-l 

1.789,428,53 x 10-4 gm emP1 see-' 

Po 1.824,709,28 x kgf sec me2 



Sea-Level Values of the Atmospheric Properties in Metric Units 

mks units cgs units 

YO 6.920,404,89 x 109 sec-l 6.920~404~89 x 3.09 secml 

Po 1.225,013,99 kg mm3 1.225,013,99 x 10-3 gm cm- 
3 

2 4 
Po .124,916,663 kgf sec m- 

1.225,014,00 kgf gi.me3 

Ice-Point Values of Some Atmospheric Properties 

mks units cgs units 

ni 2.687,445,47 x 10~5 m-3 2.687,445,47 x 10'9 cm-3 

vi 22 .414,594,4 m3 for a kg-mol 22,414.596,4 cm3 for a gm-mol 

1.29292839037 k2 El - 3 Pi 1.292,283,037 x 10-3 gm cmm3 



APPENDIX F 

Sea-Level Values of the Atmospheric Properties i n  English Units 

29.921,259,8 i n  Hg 

2,116.216,95 ~ b f  

518,688"~ 

518.688"~ 

1.505,715,34 x 103 f t  see-' 

83.503,098 f t 3  

1.572,328,83 x f t 2  sec-l 

1.202,440,64 x 10-5 l b  f t - l  sec-I 

3.737,299,76 x 10-7 lbf sec ft-2 

6.g20,404,9 x 109 sec-l  

PO .076,475,137 l b  f t - 5  

Po 2. j76,919,99 x 10-3 lbf sec2 fts4 

a. 2.460,514,77 1b ft-2 

U ) ~  7.647,513,7 x lbf ft-3 



X X X X X  
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APPENDIX K 

length 

mass 

Comparison of the Magnitudes of Comparable Units in the Metric 
Absolute cgs and mks Systems of Mechanical Measure 

time 1 sec = 1 sec 

force 

area 

volume 

5 1 nt = 10 dynes 

2 4 2 
1 m = 10 cm 

3 6 3 1 m = 10 cm 

speed ( sound) 2 I m see'' = 10 cm see-' 

acceleration 2 1 m sees2 = 10 cm sec - 2 

energy (work) 

geopotent ial 

1 nt m = 10( dynes cm 
1 joule = 107 ergs 

4 1 joule kg-' = 10 ergs gm-l 
4 2 1 m2 = 10 cm 

pressure 1 1 nt mm2 = 10 dynes emm2 

density 1 kg mm = lo-? gm cmm3 

specific weight 1 kg mm2 = 10-1 gm 

number density 1 m-3 = lo-' em-3 

collision frequency 1 set"' = 1 see'' 

coefficient of viscosity 
1 newton sec ma2 = lo1 dynes sec 
1 kg m-l sec'l = 10 gm cm-l sees1 = 10 poise 

kinematic viscosity 2 4 2 1 m seew1 = 10 cm see-' 

Pressure in Terms of the Bar or Millibar (mbl 

3 5 6 1 bar = 10 millibars (mb) = 10 nt m-2 = 10 dynes ern-' 



APPENDIX L 

Atmospheric Density Expressed as a Single Function of Altitude 

At a recent Ad Koc Conference on Units and Constants for Satellite 
Orbit Computations, this MODEL was adopted as a basis for initial calcu- 
lations of IGY satellite orbits. Dr. ~acchiq3who had received a prepub- 
lication copy of the MODEL, prepared and presented the following equations 
as closely representing the atmospheric density of this MODEL above 100 km 
altitude, 

3 where p is the atmospheric density in kg/m , Z is the geometric height 
above sea level in km, and H is the geopotential height in geopotential km. 
A comparison of densities computed from these equations with densities 
fron the ARDC Model are tabulated on the next page. 



Residuals A loglop (ARDC Model Atmosphere densities minus interpolating 

formula) a re  given i n  the following table: 

L i t t l e  e f fo r t  was made t o  secure a good f i t  fo r  heights smaller than 
100 km. 



Effective Radius of the Earth 

The limitations of the inverse square law for determining the acceler- 
ation of gravity were discussed in Section 2.1 of.this paper. A value of 
effective earth's radius was introduced as a means of offsetting some of 
these limitations. 

The inverse square law for expressing the acceleration of gravity was 
given as 

The partial derivative of g with respect to Z is 

This partial derivative evaluated at Z = 0 becomes 

Thus, if the actual sea-level value of gal and the actual sea-level value of 

(dg/Bz) for the particular latitude are introduced into Eq. ( - 3  the value 
of rd consistent with these realistic quantities is the effective earth's 

radius at that latitude. 

~arrison?~ presented the following expression for (dg/d~)Z=O as a 
function of latitude @, without indicating its derivation .* 

- a = 3-085,462 x + 2.27 x cos 2 @ 
d Z  

*'3@ alternating power * This equation appears to be related to Lambert's 
series expression for g in terms of @ and Z, which equation is discussed 
in Appendix 0. 



Using this expression, the effective earth's radius r at latitude @ is 
6 

- - - *g$ 

r8 3.085~462 x + 2.27 x 10-9 cos 2 8 - 2 x 10-l2 cos 4 6 ' 

For 6 = 45' 32' kc", 

gd = go = 9.806,65 m sec-l 

and 



A P g E r n I X  W 

Acceleration of Gravity 

1, Background 

The inverse sqmre law employed in this MODEL far the computation of the 
acceleration of gravity has been adjusted at sea level to account for the 
effective sea level value and the vertical gradient-of g at that point, by 
means of an effective earth's radius (see Appendix M ) .  This correction ac- 
counts for the centrifugal acceleration which a body experiences at sea lev- 
el, by virtue of the earth" rotation, bu% it does not account for the fact 
that %his centrifugal acceleration ia.creases rather than decreases with al-= 
titude. Since the centrifugal acceleration is opposite in direction to the 
gravitational acceleration, the net or effective value of g falls off more 
rapidly with altitude than even the adjusted inverse square law predicts, 
Because the actual earth's radius and the centrifugal acceleration both de- 
pend upon latitude, any general expression for a resultant or effective ac- 
celeration nust be a function of both altitude Z and latitude @. 

~ a m b e r t ~ ~  developed such a general expression* for g in the form of 

g el - (a2 f bg (20s 2$)~ f (aJ f bij COS 2@)z2 

- (a4 + b4 cos 2$)z3 + (a5 + b5 eos 2@)z 4 

where 

g = the acceleration of gravity in m. seen2, 
Z = geometric altitude in an, 
(d = latitude in degrees 
el = gjd2 sea level value o f  g at latitude @, 

= 3.,085~462 x 10" 6 "2 b2 = 2.27 x 10-9 

4 * The fifth tern (in Z ) h a  not been published, b?lG was provided by 
Col. C Spoh, of Air WeaYner Service W, who probably obtained it 
from Lam'Qert or B&rrison, 



For the case when @ = 45' 32' 40", as in this MODEL, chosen to agree 
with go = 9.806~65 m 

COS 2@ = cos 91P 5' 20'' = - sin 1' 5' 20'' = - ,019,003,7. (N-2) 

For this value of @, Eq. (N-1) becomes 

where 

"1 = 9.806~65 (exact) m 
c2 = .308,541, 88 x lom5 m" 

c3 = e0079253981 x m-I 

ch = .000,151 6 x 1 0 ~ ~ 5  mm2 seem2 ' 89 
c5 = .000,002,96 x m-3 96 

The reliability of the limit of this series in expressing the true val- 
ue of g at any altitude is unknown to the authors of this report. It is 
assumed. that this function represents the best available analytical expres- 
sion for g in tems of Z and $do The small number of available terms and 
significant figures, however, places limitations on the evaluation of the 
series at high altitudes. 

2. Problem 

It is necessary to determine the limitations which the small number sf 
tems and the small number of significant figures place upon the evaluation 
of the function at various altitudes. It is further necessary to compare 
the results of the adjusted, inverse-square-law function for g with the 
values obtained from the infinite series function for g. 

The extent to which the availability of only five terms limits the value 
of g at various altitudes has been studied for the case where 6 = 45' 32' 40" 
with the results indicated below. In the course of the analysis it was found 
that several additional terms were neeessary to determine the value of g to 
the desired accuracies at altitudes above 150 km. The values of the addi- 
tional tems were estimated by graphical extrapolation, and refined values 
of g were computed for various altitudes. These values of g were then com- 
pared with values from the inverse square law, using the effective earth's 
radius at 45O 32' 40" as determined in Appendix M. 

3. Results, Concerning Required Number of Terms in Equation (N-3) For 
Various Degrees of Accuracy 

Equation (N-3), limited to four terms as published, provides accuracies 



of one part in 9,800,008, or seven significant figures, Sor altitudes up to 
only about 60 la. The fifth tern pernits the eqmtfan to be used lap to 
about 150 .Ian with the sane accuracy, provided that the coefficient of the 
third term has one additional significant figure. By means sf extrapola- 
tion it was estfm3ted that wikh five additional tems in Eg. (B-3), g could 
be determined to the stated accuracy for altitudes up to l,lh0 ha, provided 
a sufficient n7.mber sf" signifi.cent figures are added to all the terms be- 
yond the Sirst two. Fcr other accuracies the maximum altitude to which g 
may be computed with a given number of terms in Eq. (w-3) is given in Table 
(N-I), neglecting significant f lgwes in existing terns. 

Number of Nxmber of Significant Figures Required in g 
Terms 

Available i 2 4 5 6 7 8 

Table N - I .  Estimated rrr%xiru_m altitude in km for which a specified 
nunber of terms in Eq. (N- 3) will yf eld accuracies of 
a specifl-ed number of significant figu~es in g, pro- 
rfded the various coefficients have a sufficient number 
of significant figures. 

The number of signiffcant figures in the coefficients of Eq. (M-3) stems 
direct1.y from the number available in the coefficients of Eq.  - 1  An 
malysls of the limitations sf these equations shows that for g accurate to 
Porn significank figures, these equations Eay be used up to 1,b~ la. 

For five-signiCic8n.t;-flwe accuracy in g, the accuracy of the coeffi- 
cients limits the calculations do albitudes below 1,XO b; for six-signifi- 
cant-figure accuracy in g, the calculations are restricted to altitudes be- 
low 500 _km; while far s e ~ e n - ~ d  eight-significant-figme accuracy in g, the 
maximum permissible altitudes are only 150 m d  50 la, respectively. (see 
figure M-6) 



Applying these restrictions to Table N-I, one obtains Table N-11. 

Nwnber of Number of Significant Figures Required in g 
Terms 

Available 2 3 4 5 6 7 8 

2 260 80 25 8 
3 700 330 150 75 60 20 
4 uoo 650 370 200 110 60 35 
5 1000 640 400 250 - 150 50 
6 950 610 420 - 150 - 50 
7 1300 900 590 - 150 - 50 
8 1300 - 500 - 150 50 
9 - 500 - 150 50 
10 - 3-50 - 50 

Table N-11. Estimated maximum altitude in Inn for which a specified 
* 

number of terms of Eq. (N-2) will yield a specified num- 
ber of significant figures' accuracy in the value of g, 
with the significant figures of existing coefficients 
limiting the results. 

NOTE: Underlined figures are those limited by the number of 
significant figures in coefficients. 

5. Results of Comparison of Values of g from Equation (N-3) with Inverse- 
Square-Law Values of & 

The inverse-square-law values of g, for $I = 45O 32' 40", when the effec- 
tive earth's radius is used, are in good agreement with the values of Eq. 
(8-31, with no differences occurring in the fifth significant figure below 
100 Inn. Above this altitude the differences increase rather rapidly to a 
peak at 500 km, after which they fall off to zero somewhere between 700 and 
800 km and increase negatively above that altitude. This large fall-off is 
due principally to the omission of term six which becomes extremely signif- 
icant in the series at this altitude. Since this term is negative, its 
presence would reduce the value of Eq. (N-3) at these altitudes and tend to 
retain the increasing difference with the inverse-square-law value. 

Values of g were recalculated fromEq. (N-3) on the bases of four addi- 
tional terms determined graphically, and these new values of g were then 
compared with the inverse-square-law values. In this latter comparison, 
the differences increased uniformly with altitude. Curves B and C of Fig. 
N-1 show the graphs of the two comparisons. Curve A in this figure shows 
the departure of the five-term-series value of g from the estimated nine- 
term-series value of g .  Curves A and C are essentially the error curves 
of the five-term-series function and the inverse-square-law function, 



re~pectively, assuing the nine-team-series value of g to be the most cor- 
rect. At 150 km, the five-tern-series function provides two more signifi- 
cant figures than the inverse square law. As altitude increases, however, 
the differential in accuracy drops proportionately to one significant fig- 
ure at 330 Inn, and no difference at 750 km. A comparison of the maximum 
altitudes to which the five-term-series function and the inverse-square-law 
function may each be used for various accuracies is given in Table N-111. 

Significant Figures 
4 5 6 7 8 

5 tern series 640 400 250 150 - 50 - 
inverse square 500 130 40 10 5 

Table N-111. Cornparisor? of maximum altitude to which each 
of two functions of g m y  be used for five 
different degrees of accuracy. 

The numerical value of g by the several methods and the numerical differ- 
ences between these values are given in Table N-VI. 

6. Method of Analysis 

The analysis was performed by using twenty-one values of Z between 1 
and 1,000 km, and independently evaluating each of the five terms of Eq. 
(N-3). The logariths of the absolute values of each term were plotted as 
a function of the number of the tern, and points corresponding to the same 
value of Z were co~x-iected to form the solid line portion of Fig. N-2. The 
lines were then extrapolated to regions corresponding to higher order terms. 
The values indicated for these terms by the extrapolations then served as 
estimated values for these terms. 

The values of the several terms were then plotted as a function of alti- 
tude, as in Fig. 8-3, with solid lines connecting the computed terms, and 
broken lines connecting the estimated terms. The analysis of the contribu- 
tion of varying nwnbers of terms to the value of the total function was then 
made visually from this graph. 

The ~ignificant figure analysis was perfomed on tabulated values of 
the several terns te able R-IV and Table a-V) and the net results are plotted 
on Figs. H-4, N-5, and 8-6. 



A l t  0 

km- 2nd Term 3rd Tern 4th Term 5th Term 

600 a. 851,251~28 .261,137,2 .s32, 76.4,8 - - .003,848,6 - - 
700 2,159 , 793,x 355, h 3 7 3  0 0529 029 92 .087,130,0 
800 2.468,335,x .464> 2hi.6 .077~ 66L .012 , 16j,x 
goo 2.376,876,q . 587, 553 a 110, 575 olg,483 - 
1000 3 -085 , 418,%' - a 725, 3 3  .x~L, 6@ - . Q Q , ~  

1 N o  Values of the first POW variable terns of Eq. (N-3) f o r  
x~arfous ~ l t j  tui3.638 from 2. km to 1,000 Ian, 

R :  The mderlteed figures arc beyond the 1iml.i; of sjgnificance but 
KC? carried TOP S X X ~ Q O ? L ~ ? ~ ~ S S .  



6th Term 7th Term 8th Term 9th Term 

Table N-V. Estimated values of terms 6 through 9 of Eq. (N-3) 
for altitudes between 100 and 1,000 km. 



@* from 
@from5 estimated 

Alto g = go [ - tern of 9 term of g -  g - P  &+me* 
knn Eq. (N-3) Eq. (N-3) 

identical 
to 

adjacent 
c ollmn 

departures 
from @ 
are 

underlined 
below 

600 8. 188,00g9 42 8.187,61; 8.187,s .ooo, 39 .ooo, 76 0000,37 
700 70957,592942 749571 32 7 -955,59 *OOO, 20 OO~,OO * 000 80 
800 7 o 736,76G9 50 7 73790 7.735,c - =OOO,3 aOO1,Z -001~4 
900 7.525,006,62 7 . ~ 6 ~ 2  7.525,~ - -001,2 *OOL,O .002,2 
1000 7.321,823,24 7.324, 6 7.320,I - -002~8 ~OOI,X *003,9 

Table N - V I .  Values of the acceleration of gravity for various altitudes 
computed from three different equations as indicated, and 
the differences between these values of the acceleration of 
gravity . 

NOTE: .Underlined numbers in C o l m  @indicate figures of questionable 
significance , 

Underlined nwnbers in Colwen@+indicate figures differing from 
Colwnn g+, 



7. Conclusions 

a. For most engineering purposes, the adjusted inverse-square-law 
function for g provides adequate accuracy. 

b. For the standard atmosphere, and for future editions of this MODEL, 
the values of g should be computed on the basis of an expanded version of 
Eq. (N-3) in which a minimum of three, and preferably five, additional 
terms are employed, and in which sufficient additional significant figures 
are provided for the various limiting coefficients, particularly coeffi- 
cients of terms 3, 4, and 5. 



F i  GURE N-l DIFFERENCES BETWEEN THE VALUES OF THE ACCELERATION 

OF GRAVITY COMPUTED FROM THREE DIFFERENT EQUATIONS.  

G R D  173 
M A R C H  1957  



000,000,01 .OOO,OOO,l .OOO,OOl .OOO,O 1 .000,1  . 0 0 1  .01  I 9 . 8 0 6 6 5  

A C C E L E R A T I O N S .  I N  ~ / r c c '  

MAGNITUDE OF SUCCESSIVE TERMS OF LAMBERT'S ALTERNATING 
POWER SERIES FOR g WHEN EVALUATED FOR VARIOUS ALTITUDES 

G R D  
MARCH 1957 



A
C

C
E

L
E

R
A

T
IO

N
S

 
IN

 
h

4/
se

cZ
 

M
A

G
N

IT
U

D
E

S
 

O
F

 
E

A
C

H
 O

F
 T

H
E

 
F

IR
S

T
 T

E
N

 T
E

R
M

S
 O

F
 

L
A

M
B

E
R

T
'S

 A
L

T
E

R
N

A
T

IN
G

 

B
O

W
E

R
 

S
E

R
IE

S
 

FO
R

 
g

, 
F

Q
R

 
V

A
R

IO
U

S
 

A
L

T
IT

U
D

E
S

, 
B

E
T

V
JE

E
N

 
10

 
A

N
D

 
1
0
0
0
 
k
m
.
 



A L T I T U D E  I N  K I L O M E T E R S  

F I G U R E  N - 4  P E R C E N T A G E  E R R O R  I N  T H E  V A L V E  O F  
T H E  A C C E L E R A T I O N  O F  G R A V I T Y  A T  V A R I O U S  A L T I T U D E S  
I N T R O D U C E D  B Y  T H E  S I G N I F I C A N T  F I G U R E  L I M I T A T I O N S  
OF T H E  S E V E R A L  T E R M S  O F  E Q U A T I O N  N - 3 ,  

A ' L T I T U D E  I N  K I L O M E T E R S  

F I G U R E  N - 5  E S T I M A T E D  P E R C E N T A G E  E R R O R  I N  T H E  
V A L U E  O F  T H E  A C C E L E R A T I O N  O F  G R A V I T Y  A T  V A R I O U S  
A L T I T U D E S  I N T R O D U C E D  BY T H E  O M I S S I O N S  OF T E R M S  
6 ,  7, 8 A N D  9 O F  E Q U A T I O N  ( N  - 3 ) .  



A L T I T U D E  I N  K I L O M E T E R S  

F I G U R E  N - e j  ( A )  M A X I M U M  N U M B E R  O F  S I G N I F I C A N T  

F lGLrWES A V A I L A B L E  F R O M  T H E  E X I S T I N G  5 T E R M  VERSION 
O F  E Q U A T I O N  N - 3 ,  F O R  V A R I O U S  A L T I T U D E S .  

(B )  T H E  M A X  I M U M  N U M B E R  OF S I G N I F I C A N T  
F IGURES1 O F  T H E  V A L U E  O F  g A T  V A R l O U S  A L T I T U D E S ,  
C O M P U T E D  F R O M  T H E  A D J U S T E D  I N V E R S E  S Q U A R E  L A W ,  

W H I C H  A R E  I N  A G R E E M E N T  WITH V A L U E S  C O M P U T E D  FROM 
E I T H E R  T H E  5 T E R M  OR 9 T E R M  V E R S I O N  O F  E Q U A T I O N  

(N-3). 



1. Geo~ietric Scale B e i ~ h t  

F i r s t  Concept - Scale height i s  e q m l  t o  the heig5t a'usve acy reference 
a l t i tude  at; which the atmospheric pressure fal1.s t o  l / e  of the pressure a t  
the reference a l t i t xde  i n  a constan'r, gravity, isothermal atxosphere. 

IE a maruler analogous t o  the developrfient of E c ~ .  (15) i n  terns  of H 
( ~ e c t i o n  3.2.l) ,  the following eqw,tior? i s  devel.oped i n  terns  of Z: 

For the ease of a= i so therm1 layer in a constant gravity atmosphere, 
Eq. (0-1.) upon integra,tion leads t o  

It i s  noted tha t  i n  a constant gravity ati'~?osph-,ere: 

and it follows tha t  

For the case that 

Eq. (0-4) .si.?xplii'ies +,o 



It appears, therefore, tha t  i n  a constant gravity atmosphere and i n  a 
l ayer  of constant TlSI, the scale height at. any reference levr?l i s  thc incrc- 
ment i n  geometric a l t i t ude  required fo r  the pressure t o  f a l l  to l / e  of t h r  
value a t  the reference l eve l .  Since t h i s  IIODEL does not assunir constant 
gravity,  the above concept does not a ? ~ l y  r i ~ o r o u s l y  i n  thcse tables .  I n  t he  
specia, l  case, where sea l e v e l  i s  the  reference a l t i t ~ d e  &he same eo3cept 
w ~ u l d  apply but  only if the  isothermal layer i s  assumed t o  ex-tend down t o  
the re ,  and only fo r  a constant gravi ty  atmosphere. 

Second Concept - In an atmosphere of constant g and censtant T the 

"i: 
M9 scale  height at  any a l t i t u d e  i s  equal t o  the  t o t a l  mass of air In a un i t  

column extending upward from t a t  a l t i t ude  t o  in f in i ty ,  divided by the den- 
s i t y  a t  the  reference a l t i t ude .  

From Eq. (33) one obtains 

I n  a constant T14 atmosphere, TM = ( T ~ ) ~  and thus, 

Equation (0-2) may then be rewrit ten as 

p = 43 exponential - g$lo 
SQ 

The t o t a l  mass i n  a un i t  column from the reference l eve l  t o  i n f i n i t y  is: 

exponential - 

- 00 

= R ]  [exponential - g~"o (Z  - $11 (o-loa) m 
'% 



Since RI'T14)b = scale height at Hb in a constant gravity atmosphere, it 
go% 

follows that 

Thus the assertion of Concept 2 is demonstrated. 

Third Concept - In a cocstant-g, constant-TM, constant-M atmosphere, the 
scale height at any altitude is equal to the total number of particles in a 
calm- of =it cross section extending from a reference level to infinity, 
divided by the number density at that altitude. 

Fron Eqs. (26) and (27) of Sections 5.2.1 and 5.3.1, respectively, it 
follows that: 

but 
M ' - 
N = m (0-13) 

where m = the mass of a, single air particle, 

Thus p = n m  

and 

Thus it follows directly fron Eq. (0-11) that 



The right-hand side of this equation would not strictly equal the total 
nm-ber of a-tmospheric particles in the columui, unless -the molecular weight 
were constant, Thus, for the assertion of the third concept to be rigor- 
ously correct, it was necessary to make the restriction of constant molec- 
ular weight in addition to the restrictions made in the first and second 
concepts. With this constant-M restriction, Eq. (0-17) becomes 

and the assertion is demonstrated. It is noted that a corollary to the 
third concept is that scale height is the length of the unit column neces- 
sary to encl-ose all the atmospheric particles normally present in an infi- 
nitely long unit column, extending vertically above the reference altitude, 
when these particles are compressed tc the number density at the reference 
le~~el. Hence, this quantity is the basis for computing reduced. thickness of 
the atmosphere. Such computations are limited by the fact that constant 
gravity, constant TN, and constant molecular weights are assumed in the 
derisration of the expression. 

2. Geopotential Scale Height 

Geopotential scale height was defined in Section 4.1.3 of this paper as 

In terns of this property the several concepts developed above do not have 
the restriction of a constant gravity atmospiiere. Thus Eq, (15) of Section 
3.2.2 may be rewritten as 

GM, 
P = P,, exponential =, (H .- 16). (0-191 

For a geopotential altitude increment equal to the geopotential scale height 



and hence Eq. (0-19) reduces to 

Note that no assumption of constant gravity is made, only cocstant TM* 
Hence, a revision of Concept 1, eliminating the constant gravity restric- 
tions, will apply rigorously in this MODEL in isothermal layers. For ex- 
ample, H ~ '  at 11. hn' is 6*341,615,82 x 103m'. ~hus, at 17.341,615,82 k m ' ,  
the pressure will be pll/e, where Pll is the pressure at 11 ?an. At 14 km' , 

3 Hs ' has the same value; hence at 20.341,615,82 x 10 rn' altitude, the pres- 
sure will be p14/e The geometric altitude increment, however, will be 

different in the two instances, accounting for the effect of variable g on 
the pressure. 

In geopote~tial form, Eq, (0-10) may be rewritten as 

p d ~  = b/Hy exponential - G"o (H - Hb)0 ( 0-20) Rq& 

By a~alogy this reduces ko 

This equation and concept rigorously apply to isothermal layers of this 
MODEL. 

Equation (0-16) is converted by analogy to 

If constant molecular weight is assmed, this equation becomes: 

This equation would provide a better basis for computing reduced thickness 



for t h i s  MODEL than Eq. (0-181, but Eq.  (0-23) is  similarly l b 9 t e d  by con- 
stant M and constant TM asamptions. Thw, for  s t i l l  greater accuracy of 
~educed- th icbess  calculations consistent with t h i s  MODEL, additional equa- 
t ions  accounting fo r  - m i a b l e  M and TM must be developed. 



APPENDIX P 

More Accurate Method for Computing Geopotential in this Model 

1 Adjusted Classical Approach 

Equation (2d) of this paper indicates the rigorous relationship between 
geopotential H, geometric altitude Z, and the acceleration of gravity g to 
be 

G 
(p-1) 

When g is expressed by the classical, inverse-square law, adjusted for 
45' 32' 40" latitude, 

Q 

the expression for geopotential becomes 

where g and r have the values 9.80665 m and 6,356,766 m, respective- P 
ly, as indicated in Section 2.1. 

2. Lambert Series Method 

In Appendix N, another expression for g in terms of Z for latitude 
45' 32' 40" was developed from Lambert 's general alternating power series. 38 
This specific expression is 

where 

c1 = 9.806,65 (exact) m secs2, 
c2 = 30,854.188 x lo-'' m0 ~ e c " ~  

C3 = 725 x m-l sec-', 
c4 = 15.16~ x 10 - 20 9 i2 sece2, 
C5 = e2g696 x m-3 sec-2, 
Z is in meters, and 
g is in meters ~ec'~. 



When this expression for g is introduced into Eq* (P-1) the expression for 
H becomes 

where H is in standard geopotential meters. 

Performing the indicated integration one obtains 

where the coefficients of the various powers of Z have the following nmer- 
ieal values: 

Henee one obtains 

(where the exponents have been selected for convenience when Z is expressed 
in units of 105 meters). 



Evaluating the five defined terms of Eq. (P-7) for various altitudes 
yields the data presented in Table P-I. An examination of the logarithms 
ot successive terms of the series evaluated for particular altitudes shows 
that the absolute magnitudes of successive terms fall off very nearly at a 
constant rate, or, in other words, the logarithmic decrement of successive 
tems is very nearly constant. Examples of this nearly constant logarith- 
mic decrement, Alog, are given for 1,000, 300, and 100 lano 

Alt , 1,000,000 an 300, 000 m 100,000 m 
Tern # LoglO Term h log LoglO Term A log LoglO Term A log 

MOTE: Uklderline indicates non-significant digits. 

3. Extension of the Lambert Series 

The departure of the logarithmic decrement from linearity is less than 
one half of one percent over the five available tems far the altitudes dis- 
cussed, On the average, the differences between the logarithms of successive 
terns increase very slightly with increasing tern number, It is not anream= 
somble to assme that this pattern of logarithmic decrement with slowly in- 
creasing differences might continue for a considerable number of additional 
terms in the series, Employing this pattern, the values of the n nth term 

3.6 x IAI-;~, respectively9 in standard geqotential meters ., 

& of Eq. (P ) for l,OOO, 300, and 100 k m  are 3.6 x 1 0 "~~ 4.9 x 10" , and 

Estimated values of the 6th, 7th, 8th9 and 9th terns of Ego (P-7) for 
various altitudes m y  also be determined graphically by plotting the loga- 
rithm of the various terms as functions of tern number, and connecting 
those points corresponding to each specific altitude as in Fig. P-1. These 
lines are then. extended linearly to higher tern numbers as in the daShed 
line pmtion of Fig. P-l. The estimated values of term 6, 7, 8, and 9 of 
Eg. (P-7) determined graphically on a figure three times as large as Fig. 
P-1 are given in Table ;P-=11. Graphically determined values of the ninth 
tern of Eq, (I?-.?) for altitudes of 1,080, 30, and 100 Isn differ from the 
three computed values given above by less than 10 per cent. 

A replotting of the data of Table P-I in terms of the value of each 



term of Eq. (P-7) as a function of altitude is given in Fig. P-2. The es- 
timated values for the 6th, 7th, 8th, and 9th term of the equation come 
from Fig. P-1. Figure P-2 clearly shows the contribution which each term 
in the series makes to the value of geopotential of a given geometric alti- 
tude. Figure P-2 demonstrates that for errors in geopotential of less than 
.l m', the five term version of Eqo (P-7) may be used only to altitudes of 
about 280 Inn, neglecting the possible limitations due to significant fig- 
ures. 

4. Comparison of the Three Methods 

The values of geopotential in standard geopotential meters for various 
geometric altitudes are given in Table P-111. Values designated by H are 
computed from the simple Eq. (P-3). Values designated by H* are computed 
from the five defined terms of Eq. (P-7). Values designated by H** are 
those resulting from the estimated nine-tern version of Eq. (P-7). The 
values of the differences H - H*, H - E**, and H* - H** are also given in 
Table P-111. The difference El: - I?** is of particular interest, since it 
indicates the amount of error in geopotential altitude incurred by using 
the simple Eq, (P-3) instead of the nine-term version of Eq. (P-71,  e el ow 
100 km altitude the error is less than 9 .i m s  . ) 
5. Limitation of the Five Term Larnbert Series Due to Plumbers of Terns 

Because of the increase of centrifugal acceleration with altitude which 
is not accounted for in Eq. (P-31, the departure between the value of H 
from Eq. (P-3) and the value from Eq. (P-7) is expected to increase with 
altitude, The reversal of the trend resulting in smaller departures (i. e . 
smaller values in H - H*) above 800 km suggests the inadequacy of the five- 
term version of Eq. (P-7). The difference H - H** involving the nine-term 
version of Eq. (P-7) continues to increase to altitudes well over 1000 km. 
A graph of the various differences is given in Fig. P-3. 

6. Limitations of the Five Term Lambert Series Due to Significant Figures 

An analysis of the values and number of significant figures of terms 2, 
3, 4, and 5 of Eq. (P-7) as listed in Table P-1 indicates the limitations 
which the number of significant figures of each term place upon the computed 
value of geopotential. The results of this analysis are presented in Fig. 
P-4. Below 10 Inn altitude, the number of significant figwes in tern num- . 
ber 2 is seen to limit the accuracy of Eqo (P-7). From 10 km to about 
3,200 lan altitude, term number 3 limits the accuracy of the equation, pro- 
vided a sufficient number of terms is employed so that the number of terms 
does not limit the accuracy at some altitude below 3,209 km. 

Combined Limitations of the Lambert Series 

The minimum numerical error obtainable with the existing five-term ver- 
sion of Eq. (P-7) is given as the three-segment curve A of Fig. P-5. 



Segment a represents the limitation due to significant figures of term 2; 
segment b represents the limitation due to significant figures of term 3; 
while segment c represents the limitation due to the termination of the 
series after tern 5, Line B of that same graph represents the minimum nu- 
merical error incurred in using the simple equation for geopotential, Eq. 
(P-3). This error is determined from the values of H - H*. The differ- 
ence between these two curves (given more accurately by values of H - H* 
in Table P-1x1) shows that for altitudes between 10 and 500 km, an improve-= 
ment of only one significant figure in geopotential altitude is obtained by 
switching from Eq, (P-3) to the presently available form of Eq. (P-7) . 
80 Requirements Which the Extended Lambert Series Must Meet 

In order to obtain the ten significant figure accuracy desirable for 
standard atmosphere computations at altitudes of 30, 500, and 1,000 km; 

' three, four, and eight additional terms, respectively, must be developed 
for Eq. (P-7). Also, the following numbers of significant figures should 
be available for the several coefficients: 

Alto 300 km 500 krn 1,000 krn 

Tern # Number of Sig, Fig. Number of Sig. Fig. Number of Sig . Fig 

These requirements reflect back directly upon Lmbert's general expres- 
sion for g as a function of z and @; i,e., 

g = cl - (a2 + b2 cos 2@)~ + (a3 + b3 cos 2#)z2 

- (a4 + b4 eos 2pi)z3 + (a5 + b5 cos 2@)2 4 

- . . a  + ... (ref .  38) (P-8) 



To meet the above requirements for latitude 90°, the coefficients a2, a 3: 
a4, ... an arid b2, bj, b4, ... b of Eq. (P-8) must have numbers of sign1.f- 
icant figures graphically estided to be the following:: 

Alt . 300 km 500 km 1,000 km 

To meet standard atmosphere requirements at latitude 45" 32' 40", the num- 
ber of significant figures required for bn would be one to two less than 
required for the case when = go0. In any case, bn must have enough sig- 
nificant figures so as not to invalidate the accuracy of 

9. Conclusions 

This analysis is strictly mathematical and does not consider whether it 
is physically possible to obtain the required nwnber of terns or the neces- 
sary accuracy in Eq. (P-4) or Eq.. (P-8). If no substantial improvement of 
Eg. (P-7) is physically possible through a better expression for the accel- 
eration of gravity in Eq. (P-4) or Eq. (P-8) and if one must resort to ar- 
bitrary definitions as in the standard sea level pressme, then it is sug- 
gested that Eq. (P-2) for g be retained by definition, in which case geo- 
potential is given by the simple Eq. (P-3), sufficiently accurate for most 
engineering pwoses. Only a study of Lambert's unpublished method for the 
development of Eq, (P-8) will suggest the course to follow. 
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A L T I T U D E  I N  GEOMETRIC KILOMETERS 

F I G U R E  P-2  ABSOLUTE VALUE OF T H E  F I V E  D E F I N E D  AND FOUR 
EST IMATED TERMS O F  E Q U A T I O N  P - 7  A S  A F U N C T I O N  OF  ALTITUDE 

O R 0  

A P R I L  I S 5 7  



A', N E G A T I V E  B R A N C H  O F  A  

W H E R E  H =  - 
H '  = 5 T E R M  V E R S I O N  O F  E Q .  (P-7) 

H'" E S T I M A T E D  9 T E R M  V E R S I O N  

. O F  E Q . (  P-7) 

I I I I I 

A L T I T U D E  I N  K I L O M E T E R S  

FIGURE P - 3  D l  FFERENCES BETWEEN VALUES O F  GEOPOTENTIAL 
FROM T H R E E  D IFFERENT E Q U A T I O N S  A S  S e E C I F I E D ,  FOR VARIOUS 
A L T I T U D E S .  

B R D  

A P R I L  1957  



ALTITUDE IN KILOMETERS 

F l  G U R E  P-4  NUMERICAL ERROR CONTRIBUTED B Y  S I G N I -  
F I C A N T  F IGURE L I M I T A T I O N S  I N  E A C H  OF T E R M S  2,3, 4 
A N D  5 OF E Q U A T I O N  (P-7) FOR VARIOUS A L T I T U D E S .  



3  .5 I 3  5 10 30 5 0  100 3 0 0  5 0 0  1000 5 0 0 0  

A L T I T U D E  I N  K I L O M E T E R S  

F I G U R E  P-5  T H E  A L T I T U D E  V A R I A T I O N  O F  
(A), M I N I M U M  N U M E R I C A L  ERROR A S S O C I A T E D  W I T H  
T H E  E X I S T I N G  5 T E R M  V E R S I O N  OF E Q U A T I O N  P - 7  
FROM BOTH S I G N  l F l C A N T  F I G U R E  C O N S I D E R A T I O N S ,  
AND A  L A C K  OF S U F F I C I E N T  NUMBER O F  T E R M S .  

( B ) ,  M I N I M U M  N U M E R I C A L  ERROR A S S O C I A T E D  W I T H  T H E  
r z 

U S E  OF T H E  A D J U S T E D  V E R S I O N  OF H =  ,, A T  
VARIOUS A L T I T U D E S  A T  45 '  3 2 ' 4 0 "  L,  

G R D 
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