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"' DECISION PROCEDURE FOR MINIMIZING COSTS
OF CALIBRATING LIQUID ROCKET ENGINES

by Sidney H. Lishman and E.L. Bombara
Engine Program Office, Marshall Space Flight Center

+ SUMMARY:

Prior tolaﬁceptance of a liquid rocketlengine for'ﬁse in Saturn vehicles,

" ‘the average tbrust of two conaecutive'tésts without an intervening cali- ; 
bration must Qatisfy specification requireméhts. The contractor'maj : I
recalibrate after the first and subsequent tests if he so chooses, based

upon decision limits, until the above requirement is met.

<his paper ptovidesqa method for caiculating decision limits such that the
total number of tests require&.for acceptah?e is minimized. Tﬁe model for
calculating the decision limit takes into account operational reliability

and life of the engine, ratio of cost of testing to cost of an engine, and

'correlation between tests as a function of engine-to-engine and run-to-run 

. variance componentq..,'f'
e wp Arally 10y, F




 INTRODUGTION:

One of the requirements for NASA acceptance of a Saturn vehicle engine is
that the thrust averaged from two sucéessive tests without an intervening
calibration fall within specification limits. In the past, ﬁost engines
were accepted from the contractor after three tests, but when the
. specification was recently tightened it wds_eétimated that more than

50% of all engines would have to be tested.at least four. times prior

to acceptance. Their increase in number of tests per engine represented

an appreciable increase in costs. ,

This paper presents the results of a study made to determine what cpuld
' ;f‘
e done to reduce acgeptance testing costs when the specification kimits

are held constant.
DISCUSSION:

Engine testing is conducted in accordance with the following ground
rules Jntil the engine meets accepténce requirements or until it is
-Iscrappéﬁz
1. If thrust in a test following a calibration is outﬁide cer-
I-tain decision limits, theléngine is successively recalibrated
and tested until thrust falls inside the decision limits
2. If thrust in a test following a calibration is inside
the deéision limits, no changes are made to the engi;e
and another fest is conducted in an attempt tﬁ satisfy

acceptance requirements.



. 3+ 1If the average thrust from two consecutive tests without .

.

intervening calibration falls outside of apeéification :
limits, the engine is recalibrated, and the test'cyc1v'ii
répgated. | .
It should be pointed out that tﬁe value in using a procedure such -as describedp
~ below is greatesc when spgcification limits are tight. If specificaﬁioﬁ'.
limits are very wide, thqre is not much point in using decision limits at

all, because the need fg; recalibration becomes remote. .
A

ILLUSTRATIONS : =

For the purpose of appl*Qations herein, the following assulmptions were

‘n’

made: g
l. The en#;né is always calibrated after the first test (due
Y “f. : !
to highf‘sriability of thrust prior to the first calibration)-

T

2.. There ia po bias introduced in calibrating the engine.

: !-
3. After the'initial calibration, ahility to recalibrate does

I not 1mpro§e between tests,
by Cost of c*libration is negligible compared to cost of
a test. :
-_5._.The eﬁgine is scrapped after N tests that do not satisfy';Ll
_tﬁe criterion for acceptance déscribed above. .
".'{'ifll-'6; The engine-to-engine and rup;fo;run_vgfiance-éamponengs,
i e ,°-2EE; and 0" 2pp respgétively, are known; the mean : 2

‘thrust is also known.
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°-2RR is the same for all engines. _ - b

8. Epgine-cO-engine and run-to-run deviates are normally

and independently distributed.

. The models described below can easily be altered to change assumptions 1

- through 5.

Two models are considered herein:

1. Assumé the engine is scrapped after nine .unsuccessful
tests, and 6perationa1 reliability = 1.0. Operationalb
reliability is defined as one minus the probabiiity of
any failure (hardware, facility, human error) that causes
a single additional éest and calibration. Assume that the
cos£ of scrapping an engine is equal to the cost of 40 testss

2. Assume the engine is scrapped after 5 unsuccessful tests .

and operational reliability = 1.0.

: Common to all modelsbgenerated under the above assumptions,.we'define'the

followzng probabilities (figure 1):

+F

Let P(i) be the probability of thrust exceeding the decision

limits in the 1th test.
Let P(i) be the conditional probability that the mean thrust,'.

~) : ! :
(x1+xi+1)/2’ of the ith and (i-+1)th tests exceeds the specification

limits.

iE is assumed that P(i) {s the same for all i, and that ?(E) is the same
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for all t. Assuming normality, P(1) and P(1) may be calculéted from the

bivariate normal density as illustrated in figure 1.

Figure 1
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P(1) and P(I) may be obtained from equar;ions. (1), (2), (3) beic;w by 3

using any tablel of the bivariate normal distribution, ;such as reference

(1). It is convenient to e)‘cpress the correlation qoefficient a# a fmction
of the run-to-run _and engine-to-engine variance components, because of

the advantage gained by'utili:zing all. pertinent data. From the appgn_di:é, the

- standard deviation of Xy is :

G'xinffm +.§_EE A, ' (1)

St

'S : xil (X1+xi+1)/2 e
The s?andérd_ deviation of (xi'*fxiq.l)'lz o ; & Bon
A AR i Pxi': (XptXgppd/2 ( ’
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' 'MODEL 1: Reliability = 1.0; engine is scrapped after 9 unsuccessful tests.

Let the notation "2 3“,describe the event that thrust of the second test
"was within decision limits and that the average thrust of the second and
third test was witﬁin'specification limits. Let the notation "2, 3 ;; 5 6"

[ 4
| describe the following event:

@ Calibration a%ger second test (thrust outside of decision

limits).

® No calibratiuélafter third test (thrust within decision lim{ts).', :
e Calibration aﬁger fourth test (mean thrust of third énd fourth_

test outside og_specificgtion limits).

. i iy s o
¢ Thrust in fifth: test within decision limits.

b,

® Average thrugﬁﬂkf fifth and sixth qaét; within specificatidn

limits.

B

. Using this. notation and'thgfndtat;on of figure 1, probabilities for the ﬂ_
* various events are asifollé?s:,* T- |
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TABLE 1

PROBABILITY

1-P(1)-P(7) ~ -
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- Ber-p @] [p(0)]2 2120, ]
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[Pm] [1-p()]2
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TABLE I (Cont'd) |

. PROBABILITY

I

P(p)]
p(,)]°

P(4))?
P(,)]

.P(i)jz |

P(y)]
B(,)]

()]
RIS

p() - 2T LGP [ - )%,
[ - 2 - 2] [22RCN2 (1 - 20]F
[ - 2 - 2] L2 Q)P [0 - 2°
[t - 2 = 2] [ ¢ ) [1
P - ][] e 1
[ - 7 - 2] [ 2] [ [
p) - 2] [2¢ ] Q] 1
0= 2 - e []% 2 [
[1-2() - P ] [P(i)]:[P(I)]Z R
[-p - Q] [20)] 2@ [
[L-e)-pQQ][p]* e [
-2 - 2] 2] 20 [1
P(y)
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E:.Aésume that the cost of one engine is equiﬁaient to the cost of M = 40‘te£ts._"

fi Let Pj be the sum of probabilities in table 1 associated with those events

 requiring j tests. Then. the expeated number of tests per accepted engine

.‘ ey A ' : N ! '
: JPJ + M(1 - J??JPj) : k. | :
E(N) = e, ~2 P : . ¢ (6)
R T T | ' :

3€ The quantity in parepghesis is the probability that more than 9 thts are AL
i required; 1.e. , the: .probability of scrapping the eugine. Holdinp the
j_specificatian limtt consEant, the decision limit (figure 1) is vdtied until
" E(N) is minimized.

-

 In illustration, th§3 mogel was used to support contract negotiations in

: WL ) I : - g

. an engine program wher@?rpliability of the engine is very high. Practice :
ﬁhuw is to scrap the enging;agger 9 unsuccessful tests. Data showed that the

TPE_aquare root of the within&engine. or' run-to-run variance component of

" thrust was 600 lbs.; and the square root of the engine-to-engine variqnce’_

10 “component, was between 1200 and 1500 lbs. Both extremes were analyzed,

'1”7;'as follows:

 From equation (1), o"x = ,/(r:oo)2 + (1200)2 = 1340 1bs

L From equation (2) Pxi! (xi 4+ X1+1)12 i v %([%% -0y T
e e - From equation (3)

_°-(x1+x1+1)/z =J:...95(1340) s CLOT0-1ba (i

T By




. limit (two-sided) is ZQQOLQGO = 1.28+ By trial and error, equation (4) -

‘From equation (3),

11

Suppose the specification limits for thrust -are nominal + 2000 1bs. Then

the number of Staqdard deviations between nominal and the specification

limit (two-sided) is 2000/1270 = 1.57.. By trial and error, equation (4) i RE

1s minimized when the decision limits are nominal + 1.7(1340) = nominal

+ 2200 1bs, when E(N) = [3.178 + 40(.0020)]/.998 = 3.26 tests per accepted

engine.

Case 2: Opg = 1500 ibs Orr = 600 1bs | r |

From equation (1), 05‘1 " /(500) + (150002 = 1620 1bs e
From equation (2), f’xi;-;#t ¥ X2 S 1 - ’2(‘1’62‘6 o 4965 . o i

a"(gsi +!(1+1)/2 - «965(1620) = 1560 1bs

The number of standard dewiations between nominal and the specification

is minimized when the dg:_w:lon limits are nominal & 1.5(.1620) = nominal

+ 2430 1bs, when E(N) = [3.286 + 40(.0122)]/.988 = 3.5 tests per accepted

engine. (Note that changing the ratio of RR/a_x from 600/1340 in case 1

.-'_and merely ghanges the optimum decision limits from 1.7 to 1.5 standard

to 600/1620 in case ‘2 changes the correlation coefficient by only .015,

Y

deviations. E(N) changes significantly, from 3.3 to 3.8 tests per

. accepted engine.)

~ Other information of interest corresponding to decia:l.on li.mil:s is the

Ll

fol lowi.ng 3

11
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' &.I Prob.lof acceptance after N tests = J%Pj-
' Bs Probs of scrapging engine.after.ﬂ tests = 1 - ﬁg j
C. Percent engines requiring calibration after second teét. = P(1)
Of these, the four "corners" of the biv.;ri.at.e distribution are ‘. I. #,
necessary (seﬂ figure 1).
Prior to this analysis, the contractor had been using arbitrary decision: _

‘limits of nominal ¥ '(20fQs2 C"gg)e Advantages gained by minimizing

._ expected number o£ tgsgq“ are also obtained from A, B,. and c abvve, as Eollws:

~G@OMPARISON OF DECISION LIMITS

ASSUMING THAT M!}'E% 9 UNSUCCESSFUL TESTS THE ENGINE IS SCRAPPED

YION _ .
= 1200 1ggs" = - = ‘
- O 2 E?ﬁ* Pkt LY o 600 1bs
..-(-éggé.-?.hlomiml :'1.6 Sigma)
. (Asswme 1 Engine L ia % Decision Linit _  Optimum Dec. Limit
- = 40 Tests) s, = nominal * 0.6 T, Xy = nominal + 1, 70')"1
e Prob. of Acceptance e e vt I ,_.S"f','
. after 3 Tests : S Seiner : :
.+ ‘e % Engines requiring Sl 55% '_ ' wr /47
* ~ calibration after -~ ' . . . (of these, 20% - (of these, ##% 7/7
.+ - 2nd test T ' . are necessary) are necessary)

- @ Average number i e 4, 11(due to recalibration) 3.28 '
.. of tests required .. i . - 0.61(due to scrapped engine) €+88 ©./2
for acceptance s ) badd .. - (Total) ° .26 3.32°

i _ '.b_ i 1.8 tests/engine ;
. e Expected Number of M8 R U 0.29 -
' Scrapped Engines R B : .
"Per 100 Tested
' % Engines Accepted nfl:er N i 45.1 . Y Ne3 4 8637 fsﬁ..f ;
o T g e -s«;-.; i FLE 83e5 T ey N S 99+0 9:??5' s
et g L RO R B 0 980 A e Tt T8 g8 99067

97,3 L Nm 8. 99439 ¥9.70
eI S W 190480 9997
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COMPARISON OF DECISION LIMITS

ASSUMING THAT AFTER 9 UNSUCCESSFUL TESTS THE ENGINE IS SCRAPPED

0~... = 1500 1bs,

EE

P98 o ™ 600 1bss

(Spec's = Nominall 1.3 Sigma)

(Assume 1 Engine
= 40 Tests)

Prob. of Acceptance
after 3 Tests,

-‘%Engines Requiring
Calibration After
2nd Test

Average Number of Tests

Required for Acceptance

Expected'Number of I_
Scrapped Engines
. per 100 Tested

% Engines Accepted
after N Tests

. Decision Limit Optimum Dec. Limit .
. = nominal T 0.5 ¢}, = nominal ¥ 1.5 oy,

.38 : 8,70

62% 6% 287
(of these, 31% . (of these, 84%
are necessary) are necessary):

. 4u4 (due to recalibration) 333 3:#2
~1J4 (due to scrapped engine) 035 @ /7
5.8 (Total) . 38 2.6]

A = .2¢Jd Tests/ Engine

38 FtiinR | s L w2 o7

38,0 o5 S N=3" 7870 70:F

61,9 : N=24 9656 9.5

76.4 N=5 . 8645 96.7

85.4 CN=6" 98v0- 98,7 .

91.0 N=7 . 98«5 99.3
9% N=28 . . 98+ .-99-42
9645 . N=9.

- 9848~ 79.53

T, b
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MODEL 2: Reliability = 1,0; Engine is scrapped after 5 unsuccessful tests.

Assume that the engine is scrapped when the contractor fails to meet

~ requirements for acceptance after 5 successive tests with calibratiom.

Let 1- -R, be the probability of failure :.n the first test, where %failure®

s Jn Falble 2
is any event that causes a single additional test aad—eeéébrctien; and

j similarly for 1-R2 in the second test, etce A curve of reliability vs.

number of tests may be obtained from past experience, as in figure 2. -

Figure 2 :
OPERATIONAL RELIABILITY VS. NUMBER 0? TESTS ) i f'
«90 '1' § ' %
' &
h L] 80 * 3
u ——
H A,
:
- i
i ¥
T .70t #
i m . i 4 %
: 3
Q o]
ol - :
4 . :
¥ . 60 b !
U 3 -
& .
«30 T

o

2 -3 bl et 8

Number of Tests

14



Let the motation "1, 2., 3. 45 4escribe the following event:

Calibration after first test.

Failure during second test.

Calibration after third test.

Thrust in fourth t;st within decision limits.

Average thrust of fourth and fifth tests within specification

limits.

As before, the engine is always calibrated after the first test, unless

failure occurs. Using the notation P(i) and P(1) as in mode} 1, probabilities ;i
fot.the various events are as follows: fﬁ
yi: TABLE 2 :
EVENT | SE _ : PROBABILITY
¢ ¥ ¥, oo e Rlnn[l-P()-P(ﬂ
1.2 3 3 o s g o DL R) B,y Ry R P()[l-r()-l’(i)]
(1py2e 3 %o ibjE et (i - RRy R, R, [1 - B() - (Y]
1, 2,0 & Fosth T (e Ry By By 1 - BG) - ¥
1. 2,8 450 i Ry R, R, a',? R, PR - B - 2]
WA HRETC .; Ny B, By [ - 23] BCYE - P('i)_l,(-ﬁ _
Lpy2pp%e - ¥ @R - RY Ry Ry R [1- <BGs) e (3]}
i, Spghi ¥ ey Ry e B B, [i 4 PG - 2]
1 2F23F34. 3 .. 3 | (1 K- Rz)(l - R,) gl R, Rs [1 - P(y) - p(i)]
SRR o R R R TR TR R A 1)
dedne - my R m Ry 2G) L= B - PG
1c 2_ 3F3¢. S SR VR N R, R, Ry B(y) [ -2 - pq)]. o
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Assuming that the cost of one engine is equivalent to the cost of M tests,
~ and letting Pj be the sum of probabilities in table 2 associated with j”
tests, the expected number of tests per accepted engine is given by

;-cquation (4).

Case 1l: Relia.bilil:y<l.0.
In illustration suppose Opp = 1200 1bs., G_RR = 600 lbs., specification
limits are nominal t 2000 lbs., and the cost of one enginé is equavalent

to the cost bf 40 tests. Then as in model 1, case 1, we ha?ea
OX, = 1340 lbs. el e

Exi’ (xi.*'xi.-:-l)’z = de
o_(x{"xm_)lz = 1270 1bs e . i s

Number of standard deviations between nominal and specification limit = 1.57.

Calculate Pj from table 2 for j = ‘'3, 4, ;, #tilizing operational reliability w }f

values of figure 2. By trial and error, equation (4) is minimized when the

decision limii:s are nominal ‘: 1.8 standard devigtions, and E(N) = 24.6

" tests i:er accepted engine. ' | _ oy

Case 2: Reliability = 1.0 (Same correlation coefficient and sl;.andard deviations
as in case 1)

It is of interest to observe the partial effect of reliability on the optimum

decision limits and expected number of tests, EI(N). Let Ry thro.ugh R5 be 1.0.

Then utilizing table 2, (or table 1 for j = 3, 4, 5) calculate Pj; The

standard deviations of X, and;(_}{i+xi+1)12 and correlation coefficient are

the same as in case l. Equation (4) is minimized when the decision limits

By . :
are nominal i_l.S standard deviations and E(N) = 3.6 tests per accepted engine.

In comparing these values to those in case 1, ﬁote that the optimum decision

16
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limits become tighter, and the number of tests per accepted engine'decreése;

as reliability increases.

By comparison of results in Model 1,.case 1 to those of Model 2, case 2, a
measure of the effect of scrapping the epgine after 9 versus 5 tests is ob-
tained. The optimum decision iimits are nominal t_l.? standard deviations
in the former, and E(N)'= 3.3 tegts per accepted engine; in the lattey, the
optimum decision limits are nominal j.l.B standard deviations, and E(N) =

3.6 tests,

APPLICATIONS:

The minimum‘expec:ed number of tests per accepted engine, EKN), provides a
convenient yardstick for trqde-off studies, For example, one might‘want to
getermine whether or not the cost of overhauling test facilities in order.
to improvﬁ operational reliability by, say, 5%, is worthwhile. Or, one
might want to determine whe;her the c;st of reddcing engine-t6~engine variae

bility by improving calibration techniques or equipment is 6££set by the

reduced number of tests required for acceptance, etc.

REFERENCES :

(1) Tables of the Bivariate Normal Distribution Functiom and Related Functionms,
National Bureau of Standards, U S. Department of Cgmmerce

. (2) Tables of Normal Probability Functions, Natinnal Bureau of Standards,
U. S. Department of Commerce. :
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