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controller. for a large, launch t>oostcr 11sing i t  ~ c > w  docunlc?nt ia rcfc*rrc:ii to 1% thc .r!:tt;l p i ~ c k : ~ g a .  
:~pplic.ltior~ of ol~t imal  coiltrol theory i s  dc:scrrt~c (1 
in t h i s  p:lpc>r. Rcsults for a specific example , ~ r c  The work in ,Soctiuns I through ' J I  of this paper 
inclutlcd. An impox-tant control requirement i s  was done under NASA Contract NIX%%-11206 from 
tnaintnin cost variables (such a s  bending momeilr, the George C. Marshd l  Space F1i;::ii. Center,  
engine girnbsl drflection, and la te ra l  deviation Huntsville, Alabama. 
from ticsir-ed trajectory) within specified limits in 
the prcscncc of load disturbances. This require- 
ment i s  met  by using a performance index which & Summary of Theory 
depends explicitly on maximum achievable values 
of the cost variables in a finite time interval. The The following optlmal control problem i s  con- 
problem is formulated by using an optimal disturb- sidered. It is assumed that the plant i s  repre-  
a m  (i. e., a worst disturbance) applied to a piece- sented by the following vector diffcrtxntial 
wise-constant approximation of the time-varying equation(where x denotes dxldt): 
plant. The performance of the resulting controller 

5 = Ax + B u  +Cg,  x (0 )  = x 
0 

used with a continuous representation of the time- ( 1 )  
varying plant and subjected to typical but severe 
disturbances is found to be good for the following In this equation, x is ;in n-vector w i l h  cornponents 
rc8sonS: x .  a describing the statc of ~ h c .  systc.rr;, u0 i s  fhc 

Civen initial condition, d i s  an m-vector r r p r c -  
Gimbal deflections remain well within thc .-cnting the control inputs, dnd g LS n h-vector 
specified limit; :?resenting the disiurbr:?ce inpu's. A ,  R ,  and  C 

Lateral  deviation from nominal trajectory . r c  cut-.stant matr ices a- .1,7!-ropriatr s i ~ . ~ s .  
remains well ~ i t h i n  the specified limit; <'-> ~ 3 ~ s  of owable con: rol lers  -11d d i s ru rbanc~s  

s., ~ m t  5 c be ;5 follows: Q is a c lass  of 
Peak vaiues of bending moment a r e  close linear -1xea-gain cnntroliars; i. e . .  uc Ss if: 
to the allowable maximum, exceeding :L 

only under extreme conditions for  which u = * s  f Rg i2)  
i t  is to be c..i*>ected that improved per-  
formance could be obtained by further W ~ E I '  Q an6 R a r e  csne'jat m&:rici of appro- 
application of the techniques described. +r.iate sizes; the class  c f  disturb.., cr's i s  

aofined by: 

I. Introduction 
G = ( J j  z i t ) :  a s g . ( t ) s b  z i ,  2 ...., !-c: 

The pl-nblt, : considered is that of de te rmirh ;  3 rr. < - .  
a s a t i s fn~  org' il:iear controller for  a la rge  launc.. t E i o , ~ ]  , g(t) m s a -  x:. 'P 

booster 1 n I:W application of optimal control 
theory. Snc  .,-. !)orrant requirement is to mai:- A$sc~c,aied with the class  G; 6;. '-oLL.,ccs G is 
tain a sl*: ific.,i;i; physical quantities (such a s  .. ,r.stant vector h (the mva d l , .  .*. ,-r-c of the 
bending I >  3n ;~  , , t ,  gimbal deflection, and devi~t ion  class) defined by h j  + k J J , / '  : ,  2 ,..., k. 
from de:,. -eo .-ajectory) within specified limits rr. 
the p r c s ~  ,.cc ,.. load disturbances. This require- 3 0  define the pet-:,, ;r,cnce A I L  :, is assumed 
mcnt i s  1 5 -  ct 1 , .]sing n performance index (COST that weighting n-vectors c:;~) . A n .  (,-v\ c >rS f ( i ) ,  
functio w:i;rL depends explicitly on the maxi- i =  1, 2 , .  . . , s  a r e  given, where (. ... j :. . i(i) a r e  
mum , i i , - .  ,iutc ? ,ilucs the physical quantities car, independent of t ,  x0, and fa r  .xi% . . Fpr uc T;., 
achieve .., a A i - 1 1 .  t imt  ~nterva l .  13arvey1, using the cost functional C(u) is 3efint.> a s  
optimal conir ,. ; . c 3 0 r t ,  has formulated the prob- - 
l r m  usin: at1 ~, , t i tn ,3l  disturbance, (i. e., a worst C(u) = max Ci (u) 
disturb,i.;,:c) pt*c~r>nts a method for  computing 

( 3 )  

the valiit, of the c-ost functional for  a plant with a 1 r igs  
linear t.t>?;trollcr. This thcory, called TTrninimax 
t l ~ e o r y ' ~ ,  >as  bccn Lipplieci to the launch boostcr 
p l~oblcn~.  

Vet?,? anci . ~ ~ ~ o ~ l y . ~ r i r n i c  parameter varia ,  .( ns 
which os ,it- t iui~~ilg powered flight must also be 
considcrt ,;. These parameters  a r e  approximated 
by piecci. ;se-constant functions, and resul ts  in- 
dicatc tl;,ii this method i s  satisfactory. The de- 
scription of the particular launch booster s t u d i e ~  

where the cost i tems C ~ ( U )  :% . ': 

max jd(i) xi*,.:' , <.. g i  
'i'"' ' ,,, 



controller (2). An ~ p t i r n n l  &ontrollpr is a The weighting v r c t o r s  d( i )  and f ( l )  will he 
\vllicl~ n i i n i m i z ~ s  C(u). In the computational assumed to hnvr the following fo rm (whcrcs suprsr- 

.~lgor i thrn for  synthcsizing an optimal control ler ,  sc r ip t  T denotes t l .an~poee) :  
c o s l s  a r c  cori~putcd fo r  a finite se t  of u t s  c 0. 

T An opt imal  control  for  th is  finite se t  i s  called a d ( i )  = Di [ei(i) . . . e (i). , . cn( i (  , 
m i n ~ m n x  controller.  J 

Substitution of (2)  into (1) gives the closed-loop T 
equation f (i) a Di k n + l ( i ) .  . . en+k(i)  ] 

wllcre Aq = A+BQ and CR = C +BR. 
shown that 

0 m a x  m a x  Id ( i )*  x(t; x , u, g)l  
t s f 0 ,  T ] ~ C G  

F o r  each i, D. i s  constant. The components e , ( i )  3 may depend 04 control ler  gains,  flight conditions, 
Harvey h a s  e tc ,  but not on t ime. 

The resu l t s  can be extended to the  c a s e  where  
the m a t r i c e s  A ,  B, C, Q, R have var iable ,  r a t h e r  
than constant,  elements.  The  second t e r m  of (6) 
becomes 

and C R ( j )  is the j-th column of CR. 

It is secn  f rom ( G I  that X(t) is independent of 
individual d is turbances  g(t) ,  and depends on the 
init ial  condition xo and the mean  h of a l l  disturb- 
ances .  F r o m  ( 7 )  one s e e s  that the dis turbances  
which maximize (5) have a l l  bang-bang compon- 
cnts. At the  instant of t ime  t (and corresponding 
g )  f o r  which ( 7 )  is maximum, one can change, if 
neccssa ry ,  the s igns  of the components of g with- 
out changing the resu l t  of the maximizing p r o c e s s  
fo r  pi. There fore ,  the  values  of (4)  may  be com- 
puted by: 

Ci(u) = rnax {I ~ ~ ( t )  I + pi(t) + m a r  f ( i )  g 1 - 1  

FTai.\rcy );:is a l s o  shown that everything necessa ry  
fo r  the cor~~putn t ion  of Xi(t) and p i ( t )  can be ob- 
tninctl by integrating n(k + 2 )  + 2s f i r s t  o r d e r  dif- 
f c rcn t i a l  ciquations, a l l  but s of which a r e  l inear  
and the remaining s a r e  piecewise l inear .  The  r e -  
quired intcgratlon can  be readi ly  c a r r i e d  out on a 
high spccxd computcr.  

'rhc cost  functionnl ( 3 )  is somewhat m o r e  gen- 
ctrnl th :~n tho onc of t he  s a m e  notation in reference 
1 l~c.c:iusc :he tcrrn f ( i )  g in (4)  (equivalently max  
[f(i). ,q] in ( ( 3 )  ) is not considered there .  Th i s  ex- 
tc.nsion of thc cost  functional was necessa ry  to 
cons ide r  gimbal angle and bending moment a s  cos t  
i tc ins  in the formulation of the launch booster  
p~.oblcrn presented in th i s  paper.  

d(i)* @ ( t )  @(7)- 'cR h d r  
50 

and one of the in tegrals  in ( 7 )  becomes 

where  @ ( t )  sa t i s f i e s  

Since t appears  in the integrands a s  well a s  in 
the upper l imi t  of the in tegrals ,  these  in tegrals  
cannot be evaluated by a single integration over  
the in terval  lo, 9 .  Computing the cost  item s f o r  
a t ime-varying problem would requ i re  the evalu- 
ation of these  in tegrals  f o r  each t e [o, 11. The 
expense of computing cos t  i t e m s  fo r  a single t ime 
point t is a t  l e a s t  a s  much a s  f o r  the computation 
of cost  i t e m s  over  the in terval  [ 0 ,  T] f o r  a con- 
stant coefficient plant. The goal of the study was 
to  make  a s t ep  toward engineering application. 
Therefore ,  a requirement  of efficiency dictated 
the u s e  of the constant coefficient theory. In the 
evaluation in Section VII, however,  a t ime-varying 
representat ion of the plant is employed. 

111. Interpretation of Cost Functional --- 

The  var iables  in the cost  i t ems ,  f rom Equations 
(4)  and (9). a r e  seen  to have the following form: 

n I, k - \ 

The quantity in parentheses  in (10) is c&l!ed s 
c a t  var iable  yi; and the corresponding cosr ifem 
is the weighted maximum absolute va1t.c ci th? 
cost  var iable  which can occur  in :11~ finite runt3 
in te rva l lo ,  T '  when the plant has  controi ier  u .ind 
encounters the optimal disturbance g. Since thts 
weighting s c a l e r  Di is constant,  i t  does  not i n f 1 ~ -  
ence the maximizing process ;  and the cost  i t e m s  
a r e  seen to  have the meaning shown in (1 1 ). 



Any physical quantity representable  a s  a l inear  
combination of components of the s ta te  vector and 
dis turbance vector can be a cost  variable.  The 
cos t  vnr iab l r s  se lected for  consideration in the 
control cost  functional ( 3 )  will govern the selection 
of C J  (i)Is.  The re la t ive  weight to be given to each 
cos t  var iable  i s  determined by the values  chosen 
for  the D. ' s .  

1 

Choice of the Di 's  and e j ( i ) ' s  amounts  to spec- 
ifying the weighting vec to rs  d( i )  and f(i). Th i s  
const i tu tes  nn important  p a r t  of the subjective 
input to the minimax control  design procedure.  
Th i s  choice is important  s ince changing a par t ic-  
u l a r  weighting vector  d( i )  and /o r  f ( i )  in (4)  will 
n l t r r  Cl(u). Th i s  may  a l t e r  the choice of the  Ci  
which is selected in ( 3 )  a s  the cos t  C ,  and thus  
a l t e r  the choice of the "bestIt control ler  ( the one 
which min imizes  C). 

T h e  cos t  functionalC(u) is a good one fo r  boost- 
e r  con t ro l  design. F o r  example,  if 

denote the maximum permiss ib le  values  of the 
cos t  va r iab les ,  and if the weighting s c a l e r s  Di a r e  
chosen a s  shown in (12),  then any control ler  u 
wholc cost  does  not exceed N r e s t r a i n s  a l l  cos t  
va r iab les  to  within acceptable l imits ,  even when 
the vehicle is subjected to the wors t  disturbances.  

Di = N , i =  1,  2 ,..., s. 

Iyil m a x  (12) 

IV. 1ntc.1-prc,tntion of Weighting Vectors  -- 
TI, f:tcllrt.~tc in t r rp r r t a t ion  of the weighting 

vc.ctol.s d( i )  ~ n r l  f ( i )  defined in (9),  additional nota- 
tion convcwtions will be adopted. Recall  that: 1 )  
n i s  t i , ( ,  rrumber of components in the s ta te  vector  
(i .  c . ,  n 1s the dimension of the s ta te  space) .  
2( c:ich d(i )  is s n  n-vector,  3) each f ( i )  is a k -  
vc>ctor, anrt 4 )  t h e r e  is a total  number s of each 
(i. P. ,  i = :, 2,.  . . , s). Assume that s 2 n s o  that 
thc,rc. '~rc. a t  lenst  a s  many cost  i t e m s  C i  a s  the 
dimension of the s t a te  space. Then a s s u m e  that 
the statc \variables a r c  the f i r s t  n cost  variables.  
;tlort. co:r:plicatcd cost  c r i t e r i a  will be assigned 
ir:des vnlucs i > n. 

T o  \freight s m t e  va r iab les  individually, define 
the firs1 n of the weighting vec to rs  d( i )  and f ( i )  a s  
follows: 

e ( i ) = O ,  j a l ,  2 ,.,., n, j # i  
.1 

c.!i) = 0 ,  j = n + l ,  . . . ,n+k (i. e. , f ( i )  = 0 ) .  
.I 

T h c n  choose Di, i = 1, 2 , .  . . , n  according to (12). 

F igure  1. State Space Box of Control Cost N 
and Weighting Sca la r s  Di 

Figure  1 i l lus t ra tes  the resul t  on a t h r e e -  
dimensional s ta te  space of selecting d ' s  and f ' s  
in th is  manner ,  but some general  notation i s  r e -  
tained. All cos t  i t e m s  Ci,  1 < i < n fo r  points 
x = (XI, .  . . , xi , .  . . , xn)  inside the box a r e  l e s s  
than the specified cost  N. Thus,  a control ler  
which keeps a response t r a jec to ry  in the box is 
one whose cost C does not exceed the value N. 
Increasing the value of Di reduces  the maximum 
amplitude of the  s ta te  var iable  xi zhat can be 
allowed by a control ler  whose cost  C is not to  
exceed N. Alternately,  increasing Di i n c r e a s e s  
the cost  item Ci  associa ted with s ta te  var iable  xi 
fo r  a given se t  of control ler  gains. Thus a l a r g e r  
Di gives a l a r g e r  weight to xi  in determining con- 
t r o l  cost  C. 

If no res t r i c t ion  is to be placed on xi in dc te r -  
mining an accepta1)lc control ler ,  simply l e t  DiaO.  
The effect is to s t re tch  the s ta te  space box to 
infinite length in the xi direction. 

Interpretation of d(i) ,  f ( i ) ,  n < i s 

Control cost  e lements  Ci,  n < is s ,  which a r e  
l inear  combinations of two o r  m o r e  s ta te  var iables  
will  r e s t r i c t  the s ta te  space fo r  a given cost  N ,  if 
Di is l a r g e  enough. 

F o r  example,  consider  the cost  item Ci,  i >  n. 
which is associa ted with a control  law u given by 
(1  3). 

The e .  ( i ) ' s  a r e  specified according t o  the ru le  
3 

e . ( i ) = K . .  j = I .  2 ,..., n 
3 3 

As with s t a te  va r iab les ,  i t  is cominon to specify 
a maximum value IuImax f o r  the control ( for  



j n n n ~ p l c ,  I \ I  I ,,,, may be allownblc gilnixil dc- 
flrction).  Di for th is  cos t  var iable  i s  chosen by 
using lu (,,,, in the denominator of (12). 

It r cmains  to s e e  what th is  cost  item does  in 
the way of r es t r i c t ing  the s t a te  space box. The 
control  

n 
u = C e .  ( i l x .  3 

1-1 ' J 

definr s a family of pa ra l l e l  planes(hyperp1anes if 
n > 3)  in the  s t a te  space.  The  two planes which 
r e p r e s e n t  maximal  control  a r e  given by 

Thc two planes  of ' c , I ~  s a m e  family which p a s s  
through c o r n c r s  P and -P of the s t a te  space box 
N ( F i g u r e  1 )  a r e  represen ted  by 

where  Li is the dis tance f rom the or igin  to these  
planes. 

It is a m a t t e r  of geometry to  show that ti may  
be  computed a s  follows: 

Comparing (15) and (16).  one s e e s  that the con- 
t r o l  p lanes  of cos t  N p a s s  through c o r n e r s  of the 
s t a te  space box of cost  N if 4, = N/Di . There fore ,  
i f  N/di, the maximum control planes cut 
c o r n c r s  off the box and fu r the r  r e s t r i c t  the s t a te  
space  which was  established by allowing cos t  N o r  
l e s s  on the individual s t a te  var iables .  

Cost I t e m s  Dcpcnding on State Variables  
and  Dis turbances  n< i 5 s 

It i s  occasionally necessa ry  to consider  dis-  
tur-bnnccs in con t ro l  cos t  i t e m s  also.  In such 
c n s c s ,  t he  f(i)'s a r e  no longer zero.  The addi- 
t ional cos t  due to  the dis turbance enter ing a cos t  
va r iab le  is given in the l a s t  t e r m  of (8); that t e r m  
i s  m;;s \f(i). gl . T h i s  additional cos t  should 

s imply be omitted in considering the effects of a 
pa r t i cu la r  d(i)  on the s t a te  space box of cos t  N 
( the  vec to r  f ( i )  does  not effect it). The  preceding 
r e s u l t s  in th i s  section then apply directly. 

V. I.,nunch Roos te r  Equations 

I!ciuations of Motion - 
A n  :mportant control  c r i t e r ion  fo r  l a r c h  launch 

boos te r s  i s  to minimize s t ruc tu ra l  bending. The 
In;l.;ol- c a u s e s  of bending a r e  engine gimbal de- 
flection and a t tack anglc. Most of the bending 
momcnt tluc to these  c a u s e s  i s  associa ted with the 
r ig id  body par t  of the equations of motion. SO a 
rigid botly approximation of Model Vehicle No. 2 

was ukrtl, ancl brrlcling moment,  :rs :I c:o~t  v;~r~:tt>lt . ,  
was weighted heavily i n  the cost  frrnction;tl. 

A se t  of second o r d e r  l inear  diffcrcntinl cUrlu:t- 
tions of longitudinal motion with open loop control  
was  taken f rom the data package. Table 1 dc- 
s c r i b e s  the notation of the data package. In the 
notation of the "Summary of Theory" section of 
th is  paper ,  the s t a te  vector  x,  control u,  and 
disturbance g(t, ai, b i )  a r e  defined as :  

a .  = b .  = 0, j f 1; h = 0 ,  a l l  j 
J J  j (18) 

The control ler  c l a s s  is that of l inear  fixed-gain 
control lers  of the form: 

It is seen by comparing (18), (19), and (2 )  that 

Q = [ K ~  K2 K ~ / v ]  and R = -K3/V. 

It is important to note that s ince attack angle u 
is given by 

(19) is equivalent to a control ler  using pitch a t t i -  
tude #, pitch r a t e  3,  and attack angle a a s  shown 
in (19A). 

Fur the rmore ,  by a m o r e  complicatrd manipulation, 
(19) can hc shown to be equivalent to :L l inea r  con- 
t ro l l e r  with pitch attitude @, pitch r a t e  ip, and nor- 
m a l  accelera t ion Aa information, w h e r e  ihc normal  
acce le romete r  is located a t  xp,. Thus,  it ts seen 
that the form of the m a t r i x  R is determinccl by the 
instrumentation chosen to supply data to tne con- 
t rol ler .  Similarly,  the fo rm of Q is determined 
by the equation chosen f o r  the control ler  ;:self. A 
given control ler  is determined by ass ignir~;  com - 
patible values  to the e lements  of Q and R.  >.ole 
that i t  is a l s o  assumed  that the gimbal motor  p e r -  
fectly reproduces  the control  signal. 

Table 2 contains the deta i ls  of the notaiior. for  
m a t r i c e s  A, B ,  and C of (1). The  result ing closed- 
loop equation x = A x + CRVw (where  A = A T BQ 

Q Q 
and CR = C + BR) "I given a s  follows: 



Sincc mini l~lnx theory in i t s  p r r s e n t  s tntc  may 
be applicd efficiently only to constant coefficient 
plants,  the approach repor tcd h e r e  h a s  been to 
divide thc f i r s t  84  seconds of flight into seven in- 
tcrv:ils (flight conditions) and to approximate the 
t i r n c - v n r y i ~ ~ g  vehicle by a different se t  of constant 
coefficient differrntinl  equations in each of the 
scvctn intcrvnls.  'rhc f l f t l i  interval contains the 
cXvc.nl oC Mach 1 ant1 the scvcnth that of maximum 
tlynnmic p r c s s u r c .  Inspection of Table 2 shows 
that the following cocfficients and the values  of 
velocity a r e  sufficient to  desc r ibe  a l l  t ime-vari-  
ab le  e lements  of (21 ): 

The  m o s t  s t r ik ing var ia t ion with t ime  is observed - 
3.2 1 by p l o t t i n g 7  . T h i s  is shown in F igure  2 a s  a 

broken-line graph connecting the points eight 
seconds a p a r t  f o r  which a l l  information was  avail-  
ab le  f rom the data package. The  horizontal  l ine 
segments  show the seven intervals  into which the 
f i r s t  84  seconds of flight w e r e  subdivided, and the 
valucs  of the piecewise constant approximation of 
3. - o v e r  the in terval  spanned by each segment. 

Velocity and the remaining coefficients a l l  w e r e  
monotone f o r  a t  l e a s t  the f i r s t  80 seconds,  They 
a l s o  w e r e  approximated by ste; functions over  the  
s a m e  in te rva l s  shown in F igure  2. 

Figure  2. One Coefficient v e r s u s  T i m e  

F o r  :.le d is turbanccs ,  values of wind velocity 
~n :~gn i 'uacs  w c r e  ralren f rom a "ninety-five p e r -  
cen: i)~-abability of occur rence  wind speed profile 
cnvelopc" in the data package. The  assumed  
winds had  a mean  velocity of z e r o  and amplitudes 
which 1-eprescnt a n  attack angle due to  wind of 
abor;t 10 d e g r e e s  in m o s t  intervals.  These  values,  
combined with the fac t  that they w e r e  bang-bang 
dis turbances ,  consti tute a s e v e r e  disturbance 
c lass .  

Bendins Momcnt - -- 
Bending moment on the e t ruc tu rc  was wcightcrl 

heavily a s  a control  c r i t e r ion  in th is  study. It 
was  computed a s  in (22). The values  of the 

coefficicnts MI, and M ' ~  dcpcntl on longiturlinnl 
location on tho vehiclr  :~ntl o thcr  f ac to r s  which 
v a r y  with time. Graphs of MI, anrl M '/3 : i t  1. a 7 2  
and t = 78 (instant of max q)  were  used,  togr thcr  
with e lementary theory, to es t imate  peak values  
of M ', and M ' p  a t  any instant in the in terval  
[O, 841. Thus, a n  es t imate  of peak bending mom - 
ent on the s t ruc tu re  a t  each instant of t ime  w a s  
used in formulating control  c r i t e r i a ,  It is of in -  
t e r e s t  to note that supplementary data on peak . 
values  of MIcr and M p which was  received from 
Marsha l l  Space Flight Center  too l a te  to be used 
in  the computations shows the assumptions  to be 
substantially correct .  Bending moment is ex- 
p ressed  in  t e r m s  of s ta te  va r iab les  and dis turb-  
ance winds Vw by substitugint (19) and (20) illto 
(22) f o r  P and cr respectively.  The  r e s u l t  is (23) 

VI. Minimax Cost Computations 

Computing Procedure  

The minimax computing procedure3 cons i s t s  
p r imar i ly  of an i tera t ive  technique. Control cos:s 
a r e  evaluated f o r  a se lected s e t  of control lers .  
The cost  information is then used to se lect  a new 
s e t  of con t ro l l e r s ,  some of which have c o s t s  l e s s  
than any in the preceding set .  Several i tera t ions  
of th i s  procedure  have been found useful in that 
each i tera t ion h a s  yielded con t ro l l e r s  whose c o s t s  
w e r e  lower than any previously considered con- 
t ro l l e r .  

The p r i m a r y  goal w a s  to study the applicability 
of minimax theory to selection of control1t . r~;  
consequently, no res t r i c t ions  {such a s  asymptotic 
stabil i ty) w e r e  placed on the c l a s s  of conrrol lers  
to be  considered, and no a t tempt  was mzde to dc- 
v i se  automatic numerical  techniques of cletermin- 
ing lowest cost  con t ro l l e r s ,  although tne procedure  
descr ibed here  provides motivation for  making the 
i tera t ions  automatic. 

A geometr ic  in terpreta t ion is usefbl ;o: ;elect- 
ing a new se t  of con t ro l l e r s  a t  each s tacz  .)i' cos t  
iteration. The control c l a s s  U is definea ny (19) 
and a par t icular  control ler  is tnerefore  specified 
by values  of the gains K1, K2, Kg. The following 

discussion is direct ly  applicable to th is  situarion, 
but n-dimensional notation is employed with a 



It \\!ill I>e n s s u ~ n c d  that the control c r i t e r i a  and 
\ v c \ i ~ l ~ l ~ n g  vc*cto~.s hnvc I ~ c c n  chosen s o  that cost  
i,lctnc.t~ts Ci  (11) of (4) arc. tlrfittcd. 'rhc gain spncc, 
\vhicli will a l so  bc cnllcd U ,  ic  the 11-dimensional 
sp.icc whosc poitits IC arcB the n-tuples of numbers  
ICJ, j = 1 , 2 , .  . . , n whicli compr i se  one combination 
01  cotit ~ - o l l c ~ *  gnitis: 

\ cnn11.ol1cr i s  a s sumed  to be completely speci-  
ficti b? svlccting a point I<. Thus, i t  i s  not a m -  
biguot~s  to spe:lk interchangcably of a control ler  
u = u(l<) a n d  a point K irl gain spacc  U. 

'I'hc follo\ving s t eps  consti tute thc basic mini- 
tiins computing pl'ocedure which was used: 

1. Clioosr n f i r s t  se t  of gains K( ' )=(K(:) .  ... , 
I<::') by any reasonable  means.  

2. Pick a box in gain space of generous  s i ze  by 
scl(>cting a couple of values of values 
cncii gain on both s i d e s  of those in 
Usc a11 combinations of the selected values  
to define a g r id  of points uniformly d i s t r i -  
butd i n  the box. F igure  3 i l lus t ra tes  such 
a "box of control lers" .  

F iqure  3. Box of Control lers  in Gain Space 

3. Compute the cost  of control  for  the points of 
:his f i r s t  gr id  and s e e  where  a few of the 
l owcs t  cost  con t ro l l e r s  fit in the grid. 

4. 11' any p a r t i c ~ l l a r  gain K. is inside the box 
fo r  the low dost con t ro l l e r s ,  th is  is an 
indication of a somewhat c r i t i ca l  range 
of ~ r a l u e s  fo r  that gain, and a second g r id  
w i t h  a refinement and reduced range of 
values  in thc J-th direction in gain space 
should be selected and the computations 
repeated. 

5.' If ;111y ~x~rtic:ul:~r.  p ~ i n  K is or1 thr. sl~r.f:ncrr 
I 

of iltc \ ) O X  fo t~  tllc low ~ h s t  c o ~ ~ t t ~ o l l ~ t * ,  Ibis 
i s   ti in(licnt.ion that. tllr: 11c:xl ~ : r . i ( l  s l~ould 
havc its r:lngc of v;~luc!.q s11 i f tc . t l  t l ~ c u  , I - t  h 
dircction. 

Steps 2 through 5 art! itcr;ltcrl until 1tlc.r~ is l i l t l ~  
cost  reduction between iter;~liotis.  At any stntr. 
of i teration, the minirnr~x controll(-r. is the* one of 
thosc considcretl with thc low(-st. c:c>r~tr.ol aoxt. 

Weighting Vectors  and Sca la r s  Sc:l(.ctetl 

The s t a te  var iables  6 ,  6 ,  and 2, togc.thcr with 
gimbal deflection /3 and t~cnding montent Myj wort 
chosen a s  cost  var iables  for  th r  prol~lcrn outlinc~rl 
in Section V. Table 3 shows the rlt*firiitions of 
e ( i l l s  and Dils. 

J 
Data was  supplicd by Marshal l  Spncr Flight 

Center  which included closed-loop rpsponses  of' 
Model Vehicle No. 2 to wind disturt)ances when 
equipped with a drift-minimum control ler .  4 
These  par t icular  d is turbances ,  called "synthetic 
wind profiles", a r e  descr ibed in Section VII. Tho 
values  of the weighting s c a l a r s  Di were  selected 
f o r  each flight interval shown in Figure  2 s o  that 
maximum responses  of the vehicle fo r  wind pro-  
f i les  appropr ia te  to that in terval  a l l  had thc s a m e  
cost. Then the resul t ing bending moment weights 
Dg w e r e  doubled, while the o t h e r s  were  left un- 
changed. The bottom half of Table 3 shows the 
Di ls  f o r  each flight interval. 

The method of choosing the Di's accomplished 
two objectives: 

The method distributed the weights with 
recognition of physically rea l i s t i c  values,  
and 

The method enabled the result ing cos t  
i t e m s  to be compared direct ly  and in- 
terpreted against  a known allowable 
number 

(e. g. , if Di = , 

' y i  ' m a x  

then Di 1 yi] < 1 ). 

Minimax Control lers  

Minimax control lers  were  f i r s t  tietcrrnitieti Cor 
each of the seven constant coefficient T.ri,ri~sc~tii:l- 
tions of the vehicle,  one fo r  cach intcr-vnl nilown in 
Figure  2. init ial  condition of x" = 0 was u s e d  
in each casz? In th is  pa r t  of the study, it was 
found that the control ler  in each interval gave n 
closed loop plant with threc? r e a l  poles of wiiicti 
one was positive. Th i s  positive pole hnri vci.? 
smal l  magnitude in a l l  in tervals  except thee ? i f1  11, 
which inclrlrlcs the event of Mach 1 .  'rtic. ci'r'c-(1: 

of non-zero initial condii ions on the st-l(,c.t i o r ~  ()I' 
minimax control lers  was  thcln detcrrninc.ri fo!. t 1 1 I  1.d 
and fifth in tervals ,  using thc xo = 0- conir.nll(*t-s 
a s  the s tar t ing point in gain sp ;~cc .  ' I ' i i r b  i,c>suli  in,^ 
minimax control lcrs  fo r  t.hc.sc two i t i t ( - r . v ; ~ i s  wc,r.c. 
"universal" con t ro l l c r s  in t.ti:it tIlc>y hati !ow c . 0 ~ 1  

f o r  a typical range of initial c:ondiiions. The. sig- 
nificance of th is  can he rc~:~lizctl 1)). f i t - s t  11oting 



f l a t  C ~ ; I C I I  i11i t i : l l  cc~lldition will iinvc. its own 111ini- 
' r11 ; i s  < s c ) r ~ (  I-ollr I-. I lowc:vr-1., if was Co~lntl Ilia1 i n -  
ct.v:i?;i~i~.f tlic t i> :~~:n i t~~( ic  of :L  civet^ irliti:~l con(Iit.ion 
:1111iost. : i lw;~ys c:iused n rnonototlct sliiff in the in- 
divir1u:rl gains  to t h c  new minimax control lcr ;  and 
that the shift  in the direction of the gains was  a l -  
rnost alw:lys the s a m e  fo r  a l l  init ial  conditions. 
Thus,  con t ro l l c r s  which had low cost f o r  a r e a s -  
onable rnrigc of init ial  conditions were  found. 

The  ~.csul t ing minimax control lcr  fo r  thc third 
in te rva l  gave a plant with closed loop poles con- 
s i s t inq  of n complcx pair  and a r e a l  pole which 
w a s  v e r y  slightly negative. The new fifth-interval 
con t ro l l e r  s t i l l  had a l l  r e a l  poles; one was  s t i l l  
posit ive,  but i t s  magnitude was substantially l e s s  
than the con t ro l l e r  determined fo r  z e r o  init ial  con- 
ditions. 

The min imax  con t ro l l e r s  determined with non- 
zero init ial  conditions w e r e  stable ( o r  l e s s  unstable) 
than those  f o r  xo = 0, and the change in pole loca- 
tion w a s  m o r e  pronounced in the fifth in terval  
(which contains  the event of Mach 1)  than in the 
subsonic flight condition of the th i rd  interval.  The 
shift  toward stabil i ty is to be expected. Equation 
(6 )  s l ~ o ~ v s  that cos t  of a given control ler  will  in- 
c r e a s e  i f  the init ial  condition x 0  goes f rom z e r o  to  
3 non-zero value. In the f a c e  of non-zero init ial  
conditions, a new control ler  which is s tablc  ( o r  
l c s s  unstable) c a n  be expected to have lower  total  
cost .  T h i s  is because the p a r t  of i t s  cost  depend- 
ing on init ial  conditions will  be  s m a l l e r  than fo r  
the con t ro l l e r  which is opt imal  if x0 = 0. 

0 
Table  4 shows the gains,  the cost  i t ems  fo r  

x = 0, and the  c losed loop poles  of the seven min-  
imax  con t ro l l e r s  (the universal  con t ro l l e r s  w e r e  
used  in in te rva l s  t h r e e  and five,  but the i r  c o s t s  
f o r  xo = 0 a r e  l isted).  Table  4 a l s o  contains the 
cos t  i t e m s  f o r  dr i f t  minimum control lers  encoun- 
t e r i n g  opt imal  disturbances.  These  dr i f t  mini- 
mum con t ro l l c r s  have one pole a t  the origin ( to  
sa t is fy  the dr i f t  minimum condition) and a complex 
p a i r  with a damping ra t io  of 0.7 and a n  undamped 
na tu ra l  f requency of 0.2 cycles  p e r  second. Since 
Model Vchicle No. 2 w a s  synthesized f o r  .study of 
the bending problem,  the importarlce of low values  
of thc  bending moment  cos t  item C5 is self-evident.  
In table  4, the values  of C5 fo r  the minimax con- 
t r o l l e r s  a r e  much l e s s  than f o r  the drift  minimum 
control lers .  i-lere is one indication f o r  preference 
of the  minimax c r i t e r i o n  over  m o r e  conventional 
c r i t e r i a .  

VII. Responses  to Typical  Winds 

The minimax computing procedure  l eads  to 
con t ro l l e r  p a r a m e t e r  values  which minimize ve- 
hicle response  to opt imal  (wors t )  disturbances.  
F o r  another  m e a s u r e  of the applicability of th is  
p rocedure ,  r e sponses  to typical d is turbances  of 
thc  v e  i c l e  with a minimax control ler  w e r e  com- 
puted. 2 

F i g u r e  4 below shows the piecewise constant 
gain functions obtained by juxtaposing the mini- 
max  con t ro l l e r  gains l i s ted in ?':ible 4 f o r  each 
interval.  A continuous-qain control ler  (shown by 
broken l ines  in F igure  4) is synthesized by l inear  
interpolation over  each four-second interval  con- 
taining EL discontinuity in gain. This  continuous- 

rcpresentntion of I h r  plnnt, ant1 t*cq:lpr)nFicfl t o  fivc. 
typical wind t1isturt)nnccs a r c  cornpi~t~.(l .  

-0.61 I I 
0 3 6  5 2  60 68 7 6  84 t ( S E C )  
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Figure  4. Minimax Control ler  Gains  

Synthetic Wind Prof i l e s  

Five synthetic wind prof i les4 a r e  used a s  load 
dis turbances  fo r  computing t ime  responses  of the 
closed-loop plant. Each profile is spe.cified in 
t e r m s  of attack angle due to-wind a,, and is 
fo rmed  by superposing a gusi. on 3 basic  profile. 
Each basic  profile is identified by the t ime T 
af ter  launch when a r e a c h e s  i t s  maximum value,  
slightly exceeding 13 degrees .  (The amplitude, 
in t e r m s  of a,, of the optimal dis turbances  used 
in the minimax calculations a l s o  slightly exceeded 
10 degrees  in the f i r s t  five intervals.  It was  
about 9 and 8 degrees  in in tervals  G and 7 respec-  
tively. ) Maximum wind build-up r a t e s ,  which de- 
pend on altitude, govern the inc rease  of a, from 
i t s  init ial  value of z e r o  to i t s  value a t  t i m e  'r. 
The value of w ( T )  p e r s i s t s  f o r  an altlzude l ayer  
of 3 ki lometers ,  and then d e c r e a s a s  2 s  fas t  a s  i t  
increased previous to t ime T. Tho five basic  
prof i les  r each  the i r  maximum values  ei T = 46 ,  
56, 64, 72 and 80. On each one escepr -;~:e f i r s t ,  
a gust with a n  altitude depth of 0. 3 ki:o:xitrcrs i s  
superposed a t  t ime T. Thc gust has  ver.";: .iihorr 
r i s e  and drop-out t imes ,  and the QW desilr-;bing 
the composite wind profile i s  s-till a c o n t i r ~ ; o u s  
function of t ime. The  amplitude of the rr~st de- 
pends on altitude. F igure  5 is a graph c;:' wind 
profile (rw(56), with l abe l s  showing the qualitative 
p roper t i e s  of a l l  the profiles.  

gain con t ro l l c r  is used with a continuous-coefficient 
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Figurc  5. Synthetic Wind Prof i le  ~ ~ ~ ( 5 6 )  

Thc  synthetic wind prof i les  r epresen t  s e v e r e  
wind dis turbances ,  but a r e  good approximations of 
d i s t rubances  which can occur  in nature. Since the 
opt imal  dis turbances  cannot occur  in nature,  the 
synthetic wind prof i les  a r e  r e f e r r e d  to a s  "typical". 

Effcct of Initial Conditions 

Near  the end of the Section entitled "Minimax 
Cost Computations", i t  was  seen  that the control-  
l e r  whicll is minimax f o r  z e r o  init ial  conditions 
will  usually not be the best  one if x0 # 0. Incom-  
puting t ime  solutions with typical d is turbances ,  
the in i t ia l  conditions will  be z e r o  only in the in- 
t e r v a l s  up to and including the one where  the dis- 
turbance begins. Some supplementary work6 
which cannot be repor ted  h e r e  f o r  lack ot space 
shows that the effect of init ial  conditions on r e -  
sponsc ampli tudes  is s m a l l  in the f i r s t  th ree  o r  
four  in tervals .  In the sixth and seventh in tervals  
( superson ic  flight conditions a t  high dynamic p r e s -  
s u r e )  init ial  conditions have a g r e a t e r  effect, and 
should h a v e  been considered in the minimax design 
calculations. In the fifth in terval ,  where  they w e r e  
considered,  i t  proved to be necessa ry ,  

Individual R C S D O ~ S ~  Maenitudes 

F igures  6 and 7 show the responses  to the 
cuw(411) disturbance. The  responses  to  the ~ ~ ( 5 6 )  
dis turbance a r e  shown in F igures  8 and 9. Graphs 
fo r  the othcr  t h r c c  responses  a r e  omitted because 
they rcvca l  no additional qualitative information. 

A digression of in te res t  concerns  the stability 
o i  the minirnax control ler .  The t ime  solutions 
ccr tniniy  do not p o s s e s s  the divergent appearance 
11int n1ig11: be cxpcctcd. T h i s  is explained by the 
i :~c t  t h a t  ?he  cocfficient in the t ime  solution of the 
liositivc i~xponcntial  function (corresponding to the 
sn;:tll posit ives pole) is sufficiently s m a l l  that th is  
; x i r a t  of thi. solution docs  not grow much in the 
finite t ime interval  over  which the control ler  oper-  
,~~c.s. I: i l lus t ra tes  that asymptotic stabil i ty is not 
;in ; ~ b s o l ~ i t e  requirement  of a control ler  whose t ime 
intcrvc~l  of operation is short .  It is reasonable to 
cspcc t  something in r e t u r n  f o r  sacr i f ic ing asymp- 
totic stability. In th is  c a s e ,  the "return" is a 

-6 I , . .  : . . . . . . . . .  
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Figure  6. T ime  Responses f o r  Continuous Plant ,  
Continuous Gains, Continuous Wind a;y 
(48) 
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Figure  7. T i m e  Responses fo r  Continuots Pian:,  
Continuous Gains,  Continuous 'kVinci i , 
(48) 



controller which keeps bending moments accept-  
ably smal l  without acquiring large  t ra jectory  
e r r o r s .  These facts  a r e  demonstrated in the 
next few paragraphs. 

F igure  8. T i m e  Responses fo r  Continuous Plant,  
Continuous Gains, Continuous Wind crw 
(56) 

Figure  9. T ime  Responses fo r  Continuous Plant,  
Continuous Gains, Continuous Wind ctw 
(56) 

The amplitudes of the cost  variables in in tcr-  
vals  three  through seven for  a l l  five wind profiles 
a r e  shown in Table 5. (Response amplitudes in 
the f i r s t  and second intervals were  z e r o  o r  too 
smal l  to  be of interest .  ) Values of the t ra jectory  
deviation Z, which was  not a cost  variable in the 
minimax studies,  have been included in Table 5. 

Quantitative performance i s  best  judged by the 
amplitudes of 0,  M g ,  Z, and, to some extent, 2. 
Values of must not exceed the gimbal deflection 
l imit  of 5 degrees.  This  corresponds  to a value 
in Table 5 of (0 rad.  ) x 10 = 0,873; and it is seen 
that this number is not approached in any interval 
fo r  any of the wind profiles (fourth row in each 
box of Table 5). It is a reasonable conjecture that 
gimbal deflections would have been g rea te r  had not 
gimbal dynamics been neglected, but they could 
have been three  t imes  g rea te r  without reaching 
the gimbal deflection l imits.  Thus,  the minimax 
controller keeps gimbal deflection well within the 
required limit. 

A design goal is that m a ~ i r n u r n ~ v a l u e  of bending 
moment should not exceed 2 . 7 ~ 1 0  m-icg. T h ' s  co r -  
responds to a table value of ( M s  m -kg) x 10 k = 2. '7. 
'I'he table shows that th is  was  exceeded in only the 
sixth interval with the aw(72) disturbance. The 
excess  was  17 percent. (A negligible excess  
occurred in interval seven). Since the controller 
gains fo r  the sixth and seventh intervals were  
based on z e r o  initial conditions, i t  is to be ex- 
pected that improved gains would be obtained by 
considering non-zero initial conditions. There -  
fore ,  the maximum bending moment values for  
a i l  five profiles a r e  seen to be quite suitable. 

Table 5 a lso  shows that the peak bending rno- 
ment fo r  each disturbance except ~ ~ ( 4 8 )  occurred 
in  the interval where the wind pr'3file reached i t s  
maximum value. In fact ,  t k . ~  bexciing moment 
peak occurred when the superimposed gust 
reached i t s  peak value. The maximum bending . 
moment fo r  the crw (48) disturbafice is 3 percent 
higher than i t s  value a t  T = 48 and occurs  ar the 
end of the peak value of wind velocity. It will be 
recalled that no gust was  superposed on the basic 
aw(48) profile. Note a lso  that tne bendkg moment 
peak is ve ry  distinct with the oiher four ?;.ofilcs, 
and substantially higher that with .he ~ ~ ( 4 8 )  dis- 
turbance. These facts  indicare that rtie g ~ s : s  a r e  
responsible fo r  the sha rp  peaks in Sending mo-  
ment. It is a lso  noted that the peak valce of beng- 
ing moment is close to the allowable maximum 
whenever the disturbance includes a gust. The 
fact  that values of bending moment a r e  smal l  
ea r ly  and la te  in the history of the indiviiiual wind 
profiles is to be expected. A smal l  I~endiiig mo- 
ment should accompany a smal l  disturbance amp- 
litude. 

It has  been seen that the minlmlx controller 
considered allows bend~ng momer.;s which :ti-e 
close to the design maximum for ;he ~ y p l c . ~ ~  d i s -  
turbances including a superposed ,sasr ( \ \kt  c!~ 1s 
much like a bang-bang disturbance! The pcarc 
bending moment occurs  when the disturbcr.se has  
i t s  maximum amplitude. These  a r e  strong tndl- 



/on.; ih. i i  t 1 1 ~  ci.,ss of opt ilnal d i s t a rbancrs  do 
, f(\.id t o  cont ro l l r>rs  wii~cli glvc bood hcnding- 
~ l ~ o t l l c n l  pcrfornl ; l l~cr  witen t h r  vehicle i s  sub- 
jrctcti lo typical disturbances.  

It 1s imp:>r t~n t  to keep l a t e r a l  displacement 
Z low for  the  sake  of fuel  efficiency and guidance 
:lccuracy. A displacement of 3000 m e t e r s  a t  
t = 150 srcont ls  should not be exceeded. Since 
dynamic p r e s s u r e  f a l l s  off a f t e r  t = 70 about a s  
f a s t  a s  i t  ~ T C W  before  that t ime ,  i t  is c l e a r  that 
wind loads  will  d e c r e a s e  substantially in  the l a s t  
half of powered flight. It follows that l a r g e  t r a -  
j ec to ry  c o r r e c t i o n s  can  be  made  without exceeding 
bending moment  l i m i t s  a f t e r ,  say,  t = 120. T h e r e  
f o r e ,  i t  is probably  reasonable  to  budget a l a r g e  
p a r t  of the 3000 m e t e r  allowable e r r o r  to  the f i r s t  
half of tllc powered flight interval.  But th i s  does  
not cvcn a p p e a r  to be necessa ry .  The  maximum 
va lues  of Z acqu i red  by the vehicle a r e  shown in 
the l a s t  row of each  division of Table  5. F o r  a l l  
p ro f l l e s  exccpt aw(72) ,  the maximum Z is seen  to 
i n c r e a s e  with the interval.  The  l a r g e s t  value is 
only 200 m e t e r s .  It o c c u r s  with the wind which 
s t a r t e d  to blow e a r l i e s t  in  the flight ( (~w(48)  1. 
Thus ,  the min imax  con t ro l l e r  is seen  to keep t r a -  
jec tory  deviations v e r y  s m a l l ,  even i n  the portion 
of the  flight when load minimization is the m o s t  
impor tan t  cr i ter ion.  

Low leve l s  of l a t e r a l  velocity ,k a r e  des i rable  
f o r  a t  l e a s t  two reasons .  One is that 2 contrib- 
u t e s  to  attack angle.hence to bending moment ,  a s  
shown in Equations (20) and (23). The o the r  
r e a s o n  is that  keeping 2 s m a l l  is a d i rec t  way to 
ltcep s m a l l  the l a t e r a l  deviation Z. Thus ,  t h e r e  
is no d i rec t  c r i t e r i o n  on the magnitude of 2. The 
bending moment  pe r fo rmance  f o r  the  minimax 
con t ro l l e r  h a s  been seen  t o  b e  suitable;  and the 
l a t e r a l  d isplacement  pe r fo rmance  is v e r y  good. 
T h e r e  r e m a i n s  only considera t ion of the  genera l  
Z performance.  F o r  any of the prof i les ,  the 
l a r g e s t  values  of Z occur  in the l a t e r  in te rva l s  
when the wind velocity and dynamic p r e s s u r e  a r e  
high. L a r g c  magnitudes of i! occur r ing  i n  in te r -  
v a l s  16 and 17 f o r  the t h r e e  prof i les  which began 
e a r l i e s t  in t ime  can b e  cha rged  to the fact  that  
con t ro l l e r  gains  f o r  t h e s e  in te rva l s  w e r e  not well  
sui ted  to  the l a r g e  in i t ia l  conditions encountered. 

VIII. Res t r i c t ions  on the Class  of 
Allowable Con t ro l l e r s  

One aclvantage of the min imax  theory is that  the 
cos t  computations do not r equ i re  a total  commit-  
men t  to  the  u s e  of opt imal  control  theory.  The  
con t ro l l e r  can  b e  par t ia l ly  specified by c las s i ca l  
con t ro l  c r i l e r i a .  Then i tera t ions  of cos t  compu- 
ta t ion can  be used to opt imize  the remaining con- 
t r o l l t r  pa ra rne tc r s .  

F o r  ex:lrnp!r, the  c l a s s  of allowable con t ro l l e r s  
consicicred in th i s  r e p o r t  is given by (2) ,  and f o r  
the sycci f ic  example  by (19). It is a c l a s s  of l in- 
c a r  cor i t ro l lcrs  with fixed gains over  f inite t ime  
interv:lls. It m ~ g h t  be des i red  that fu r the r  r e -  
s t r i c t ions  be  p lace~!  on the c l a s s  f rom which con- 
t r o l l e r s  a r e  to be se lccted.  In Section VII, Table  
4 ,  two c x t r e m c s  w e r e  observed. The  minimax 
con t ro l l e r s  w e r e  se lec ted  sole ly  on the b a s i s  of 
min imwing  con t ro l  c o s t  in  each (finite)  flight 
in tervai .  T h t  r e su l t ing  con t ro l l e r s  (except f o r  
thc th i rd  in terval )  w e r e  asymptot ica l ly  unstable. 

Tht! drift minimun, c o n t r o l l ( ~ r ~  wcrcx tot:llly 
specified by tllc corltlil ions th ;~t  tlic* cont r r ~ l  :cars 
be  dr i f t  minimum ant1 have :in unrl:~rnpc.rl ri;rti~r;ll 
f requency of 0.2 cyclcs  p e r  second with :I tl:~mpin~; 
r a t io  of 0. 7. Minimax computations shower1 thesc: 
con t ro l l e r s  to have substantially hiphcr c o s t s  than 
the minimax con t ro l l c r s  in each flight interval.  

It is p rac t i ca l  to imposc conditions on thc cl:~ss 
of con t ro l l e r s  which a r c  intcrmcdiatr, hotwet:n t he  
two e x t r e m e s  of unres t r i c t ed  cost  minimization 
and total  specification; however,  imposing such 
res t r i c t ions  will  probably inc rease  control  cos ts .  
Examples  of increas ing d e g r e e s  of r e s t r i c t ion  fo r  
con t ro l l e r s  of the launch booster  defined in Sec- 
tion V will  s e r v e  a s  i l lus t ra t ions .  

Drift-Minimum Principle  Imposed 

The  charac te r i s t i c  equation of the closed loop 
plant will  be wri t ten  as :  

k3 + ~ ~ k ~  + A 2  + A 3  = 0 (24) 

where ,  in  the notation of Tab les  1 and 2,  

The  driff.minimum principle is defined by r e -  
quiring Z = 0 when @ is quasi-steady state.  It 
can he shown that th i s  is equivalent to A3 = 0, 
and i t  is c l e a r  f rom (24) that  one closed-loop 
pole is then a t  the or ig in  ( A  = 0). Thus ,  sett ing 
(27) equal to z e r o  gives a l inea r  equation in K1 
and Kg which m u s t  be satisfied to  give a dr i f t -  
minimum control ler .  Two gains  r emain  unspeci-  
f ied,  and i tera t ions  of minimax calculations 
(subject  to A3 = 0) could be  used to fine a mini-  
m a x  drift-minimum control ler .  

A fu r the r  r e s t r i c t ion  on the c l a s s  of control -  
l e r s  defined by (19) could be  to impose the dr i f t -  
minimum principle and requ i re  that  ths two un- 
specified pole locations be  in  the left  half-plane. 
Then one would consider  minimax c o n t ~ o l i e r s  
which sa t is fy  A3 = 0 and the  conditions specified 
in  (28). 

It is seen  by r e f e r r i n g  to  (25) and (26) i'::i ( Z . 5 )  

gives two l inea r  inequali t ies which m u s t  :x 
sat is f ied  by the control ler  gains. 



A ~ y ~ n p t o t i c  Stability Imposed 

A sti l l  nlorc res t r i c ted  subclass  of (19) would 
be control lcrs  which a r e  asymptotically stable. 
It can bc shown that conditions (28) and (29) a r e  
necessa ry  and that these ,  together with (30) a r e  
sufficient for  asymptotic stability. 

Note that such a control ler  can s t i l l  be a r b i t r a r i l y  
c lose  to being drift-minimum by having A3 be 
sufficiently smal l .  Minimax calculations would 
s t i l l  be applicable in a r r iv ing  a t  stable-minimax 
control lers .  

LY. Conclusions 

The  per fo rmance  of the minimax control ler  
with typical d is turbance inputs is judged to  be  
good f o r  the following reasons:  

e Gimbal deflections remain  well within 
the specified l imits ;  

L a t e r a l  deviation f rom the nominal 
t r a jec to ry  r e m a i n s  well  within the 
specified l imit ;  

P e a k  values  of bending moment a r e  
c lose  to the allowable maximum, 
exceeding i t  only when encountering 
s e v e r e  gus t s  a t  high dynamic p r e s -  
s u r e  with control ler  gains based only 
on z e r o  in i t ia l  conditions. 

T h e s e  conciusions dese rve  elaboration, how- 
ever. Since the gimbal  deflection and l a t e r a l  
deviation can be allowed to be substantially higher 
than they a r e ,  it would be preferable  to ass ign 
lowcr  weights to j and Z in the minimax design 
calculations while simultaneously increasing the 
weight on MR. The  minimax control ler  c o r r e s -  
ponding to th i s  new weighting on the cost  var iables  
could bc expected to give s m a l l e r  values of MB, 
l a r g e r  values  of P and Z, but s t i l l  keep a l l  maxima 
within the specified l imi t s  when the vehicle is sub- 
jected to the typical disturbances.  

An advantage of th i s  par t icular  u s e  of optimal 
con t ro l  theory is that i t 'does not r equ i re  a total  
commitment  to  optimization. If some c lass ica l  
con t ro l  c r i t e r ion  (e. g. ,  asymptotic stability) is 
a n  overr iding consideration, i t  can be imposed on 
the s e t s  of con t ro l l e r s  se lected f o r  cos t  compu- 
tations.  Then the controls  can be optimized sub- 
ject to  t h i s  res t r ic t ion.  

T h e  over-a l l  conclusion is that the minimax 
compiiilr:g p rocedures  fo r  a piecewise constant 
npprosi~ncition of t he  plant show definite p romise  
a s  ;I d e s ~ g n  tcctiniqur. These  procedures  will be 
especialiy applicable in si tuations where  a maxi- 
mum response  of any of the l a rge  var ie ty  of cost  
va r iab les  which can be considered will  lead to 
catas t rophic  resu l t s .  The  launch booster  problem 
is an example  of just such a case .  Gimbal de- 
flection, bending moment ,  o r  la ter ia l  deviation 
l imi t s  m u s t  not be exceeded. 
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Table 1. Table of Physlcal Quantities - - -- -. - - -- _ - ^ _ -- _A - - -- 
Symbol Description Dlmcnvion 

X Drag Force k F! 

M 
L 

9 Mass kg-sec /m 

9 Dynamic P r e s s u r e  kg/,2 

V Vehicle Velocity m / sec  

F Total Thrust kg 

=xx Moment of Inertia kg-sec2-m 

* B  Engine Gimbal Point m 

D;'. Diameter of Vehicle m 

Normal Force Coefficient 

Drag Coefficient 

Center of P re s su re  m 

CG Center of Gravity m 

x .I ( C P  + xp) Station of CP  m 
CP 

x = ( C G + x  P Station of CG m 
c g 

X~ 
Station of Accelerometer m 

Aa Normal Acceleration 

Pitch Attitude Deviation from rad  
Reference Trajectory 

LY Attack Angle rad  

Attack Angle due to Wind rad  

Displacement Perpendicular to m 
Reference Trajectory 

MB Bending Moment m -kg 

M'ff  
Bending Moment Coefficient m-kg/rad 

M'/.3 
Bending Moment Coefficient m -kg/rad 

Speed of Wind Perpendicular to  m 
Reference Trajectory 

B Gimbal Deflection Angle rad  



Table2. Elements of Matrices A ,  B, 'd in Tcrrna of Ve'hicle and Trajectory Paramotor8 



Table 3 .  Cost Items and Weight Vectors 

-7- 

i 1 2 3 4 I 5 

Y i @ ;b z 0 M~ 
rtld r ad / s ec  m/ sec  r ad m-kg 



Toblr 4. C;nin~ and C l o ~ r d - L o o p  Polca of Mlnimax Corl tro l lcr~  entl 
Cost Items of Minimax and Drift Minimum Controller8 

Cost  Items 

D r ~ f t  
Minlmax Minimax M i n ~ m u m  

t Gains P o l e s  1 Ci C1 

- C 
K 1  0.006 0.00640 1 0.00119 0.00251 

2 0.0000007 0.00005 

I1 K2 2.6 -0.00964 3 0.01566 0.00243 

4 0.00204 0.04013 

K3 -0.0044 -0.90913 5 C 0.01624 C = 0.07383 

- 20 
K1 O 0.02264 1 0.00967 0.0096 

2 0.000007 0.000'1 

I2 K2 2.7 -0.02414 3 0.03580 0.0104 

4 0.01125 0. 1518 - 
K3 -0.025 -0.9943b 5 C = 0.03608 C = 0.1666 - 36 
K 1  0.55 -0.00018 1 0.01371 0.01 52 

2 0.00008 0.0003 

I3 K2 1.8 -0.3587 3 0.03747 0.0214 

*iO. 2813 4 0.02855 C = 0.1835 

K 3  -0.10 5 C = 0.04523 0.1619 - 52 
K 1  0.28 0.01268 i 0.01609 0.0172 

2 0.00007 0.0004 

I4 K 2  3.0 -0.12597 3 0.04673 0.0238 

4 0.02615 C = 0.1876 

K3 -0.11 -1.1651 5 C = 0.04737 0. 1576 

- 60 
K1 O 0.54179 1 0.02093 0.0228 

2 0.00006 0.09i~3 

I5 K 2  1.7 -0.05921 3 0.03493 0.0153 

4 0.01778 C = 0.293 

K3 -0.065 -0.7141 5 C = 0.04441 0.192: 
- 68 --- - 

K1 0.15 0.02659 : 0.01 587 0. 0, 5 ,  

2 0.00006 O.OOO+ 

I6 K 2  3.4 -0.06544 3 0.04959 0.0235 

4 0.03214 C = 0.180~ 

K g  -0.19 -1.5435 5 C = 0.05017 0.1416 

- 7 6 
K 1  1.3 0.00076 k 0.01686 0.01 8L 

2 0.00018 0.0004 

I7 K 2  3.4 -0.515iO 3 0.37417 0.051'1 

4 0.05525 0.1443 

Kg -0.45 -1.07.3 5 C = 0.07525 C = 0.1662 
8 4 - 

Notation: 

Ci ' D i l y i l  y1 = Q r a d ,  y2 = 0 racilsec 

Di from Table 3 y3 = Z m / s e c  

y4 = B rad.  y5 = MB m-kg 



T a b l e  5. Vcl i ic lc  Rcsponse  A m p l i t u d r s  with Minimax 
C o n t r o l l e r  a n d  T y p i c c ~ l  W i n d s  

-- 1 --- 
Synthe t ic  Wind P r o f i l e  I n t e r v a l  C o s t  

V a r i a b l e  crw(48) ~ ~ ( 5 6 )  ( ~ ~ ( 6 4 )  ~ ~ ( 7 2 )  %(go) 

- t=36 
( r a d  ) 10 0. 17 0. 09 0. 04 

l 3  (/3 r a d  ) 1 0  0. 09 0.04 0. 04 

( Z  m ) lo-' 0.14 0. 05 0.02 - tn52 
(9 r a d  ) 1 0  0.40 0.34 0, 16 0.06 

(-i m / s e c )  10-I  0.25 0.24 0.12 0.07 

I4  (/3 r a d  ) 1 0  0. 06 0.07 0.02 0.01 

( Z  m ) 0.33 0.20 0. 09 0.02 - t = 6 0  
(6  r a d  ) 1 0  0.74 0.81 0.55 0.25 0. GO 

(2  m / s e c )  10-I  0.36 0.24 0.18 0. 1 0  0.02 

I 5  (/3 r a d  ) 10 0. 02 0.02 0.03 0.03 0. 03 

( Z  m ) 1 0 ' ~  0 .40  0. 31 0.21 0. 09 0.00 
- taG8 

(Q r a d  ) 1 0  0.83 0.96 0.89 0.58 0. 14 

(i m / s e c )  ' 10" 1.66 1.49 0.66 0.09 0. 14 

'6 ( p  r a d  ) 1 0  0.11 0.11 0.07 0. 1 3  0.07 

( Z  m ) 10" 0.41 0.31 0.23 0.13 0.07 
- t=76 

(6  r a d  ) 10 0. 78 0.92 0.87 0.58 0. 35 

'7  (3  r a d  ) 1 0  0.11 0. 15  0. 14  0.20 5. 26 
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