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SUMMARY

This report presents the logic leading to a mathematical
expression for mission availability. Mission availability is
treated as the probability that the cumulative downtime occurring
during a mission of given length will be less than the time con-
straint. This is opposed to more general approaches such as steady
state or instantaneous availability or operating time versus real
time.

We intend to present a practical and usable mathematical
model by deduction and demonstration. The development is based
on exponentially distributed downtimes. Experience shows that
certain systems follow exponential downtime distributions except
near zero. This error is often so small that it may be neglected.
A future report will present a downtime distribution which will
account for this small error.
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SUMMARY

Mission availability is the probability that the

cumulative repair time occurring during a mission of

operating time, T, will be within a given time constraint

ta-

Although a much more sophisticated definition could

be derived,

the above meets all ESE requirements with no

sacrifice in clarity.

The mathematical expression for mission availability

AM is

where e 1is
A is
T-is
}1is
c is

U_is

the naperian base

the failure rate

the mission time

the repair rate (or maintenance action rate)

the total repair time constraint for all repairs

factorial |



INTRODUCTION

The development is based on exponentially distributed
times between failures as well as exponentially distributed
times to repair. With respect to failures, this means that
failure events are randomly occurring events (in time), or
that any equal time increment has an equal probability of
incurring a failure. With respect to the repair periods,
it means that the length of any repair period which follows
a failure is of random length (or that any equal repair
time increment,‘atr . has an equal probability of containing

a repair action completion).



DISCUSSION

Figure I(a) shows how random failures might appear
along a time axis with no repair time shown. This is the
usual concept upon which the exponential failure model is
based. The reliability is based on mission times such that
the probability of a time increment without a failure,
occurring is the reliability. Intuitively then the mission
times are restricted to the order of magnitude of failure
free intervals.

If the mission is such that brief periods of inopera-
bility can be tolerated so that failures can be repaired
(unscheduled maintenance) the mission time can be greatly
extended, as in Figure I(b).

The graph in I(b) is the graph from I(a) with the
"repair times", € , inserted after each failure. The
assumption for this study is that if a sufficient number
of the —7's were plotted according to magnitude, the result-
ing histogram would appear as in Figure II.

Several analogies can now be established. In Figure I (b)
the mean time between failures is the sum of the t's divided
by the number of t's. Analogously to this, the repair times
could be laid end to end as in Figure I(c) and the mean repair
time then is the sum of all repair times,T , divided by the
number of € 's. The reciprocal of this mean which is analagous

to the failure rate is the repair rate }t.

3
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If the frequency distribution of the times to repair

is exponential (as in Fig. II.), then the probability that

a repair time of less than t, will occur is

trequency \

I
ot l
occdrrence \L :
N
L PN
T
t .
repair {imes
Fig. II

Pr = (1 - g A ) is the probability that a repair

time will occur that is less than t.
The probability that 1 repair is completed in time

-t
less than to is (1 - e }J‘); the probability that each of

two repair occurrences are of time duration less than ey



each is the event that the first is of time duration less
than tc and that the second is of time duration less than

te.- This implies the product of the two probabilities
2
-ut
{ [ =)

Similarly for i repair occurrences each of time dura-

tion less than ta the probability is
Mt L
(1-e”)

The probability that exactly f failures will occur

during the mission time T is given by

( :*C[')”e_}\T
P - i

The probability E’ of the event that exactly i failures

occur and that each is repaird in time less than t, is the

product of P} (P'_ )i

L

L -AT
'pL - (AT)[LQ (‘__ e*}‘tc)

The probability that exactly 1, or exactly 2, or

exactly n failures occur and that they are repaired in



times less than t, is the sum of these probabilities.

P (AT) (I -/Ut

lﬂ
L ‘Pn _ Q-AT Z‘ (AT)( _ —/ut )
AT & [(AD(- -ﬂtc) "
o ; [(AD) m_e ]

For all possibilities i goes to oo , and the equation becomes:

(¢ o]

A —ul
Y P - TZ(m(,__ i

n=|



The summation is now in the form

x oL x, .. x L 5%
where x is (AT)'G_Q*)UJLC) and so

N8
s
]

=

T [ [ono-e*]
e e =

_ut,
=(e—7\T) (e?\T["‘e _]) _ (Q_;\T)

_ (e-—?\T) (eATe—-AT@-’ut‘ ) B (e_;\T )

= ?\T AT o
Note that e - e = @ o | therefore

the above becomes

This equation now represents the probability of a
number of failures occurring and each individual failure
being repaired in a time period less than ta-

However the equipment has also a probability of being
failure free for a time between the above repaired failures.
(Note that the above calculation refers only to failures

occurring and their being repaired). The probability of no

8



failure is the reliability of the equipment, e_AT. This

must now be added to the "failure repair" equation. So
the resulting equation, the probability of availability
for the entire period T, the mission time, for the equip-

ment, becomes
-ireﬂﬂtc AT <AL

or ;
Al M

A, = e

This equation could of course have been obtainable

immediately by summing

n _-al t
=il A
E?*LP'\TT)E"Q—" (]—9 C) from N=O to N-»>
That is,
—ut
< _aTe M
2R = R,

but this logic becomes rather abstruse when the attempt is

made to interpret the equation practically.



If the repair times are now taken 2 or 3 or j at a
time as in Fig. III, it can be intuitively seen that the

ensuing distribution must also be exponential.

T 2 3 4 5 n tﬁn@e

—— e —— — —— oq.,l.___..l

j 2 3 %%

Fig. III

tmultiyie

The mean of the distribution taking repair times one
at a time would be the "Single" mean or jii#?gg_::iggj?%mx;
The mean of the distribution taking, for example,
three repair times at a time would be the "Multiple Mean"

_Z;tdiiﬁﬂﬁ-: tolal time
since there are now only 1/3 as mané%time periods to be
added.
Therefore, with respect to the single repair times

the "new" mean repair time is ;%%i; . Hence the new

: _ [ . i b
repair rate /J_f.-—s—-fi = _3_/“ or in general /U"r"- = /bL %
n

?requanqy
ot

OCLUNFENCe. \\\\\

\

—

tepair times per j  repairs  (j~3)
Fig. IV
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The relation between }Lf and ﬂ.can be seen intuitively;
N
that is, if the average time per one repair is t then the
A
average time per 3 repairs might well be J t .

The probability then that j randomly occurring repair

times are of duration less than tC is

/ P!
/we 24

similarly to the
“/.Tutc
earlier case, p = ( b= & )
This is the probability that the sum of j repair times
is less than te-
The probability then that exactly j failures occur, and
that exactly j repair times are of total duration less than

teo is the product of the two probabilities

- Yt
PTG (1- )

The probability then that exactly one failure occurs
and that it is repaired within the time constraint t, or

that two failures occur and both are repaired within the

Ll



time constraint t, or that ----i failures occur and that
these i are all repaired within the time constraint t,
is the sum of these probabilities or,

LR= P+B +RB+ - +P

J

Summing these terms

mTj
)
]
2
’-"\
E\L
S
(¥}
TN
=
ool
(a1
N

w
J,
=

>
o~
~
7
|
ﬂh
-
=
o
N

For all possible events; that is from one failure to all

(o ) failures the equation becomes

= ST Eepry it
ZE=eﬂ;%p(“€”“)

J=1
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o J=\
This is the probability that the repair actions are success-
ful. In addition to this must be considered the probability,
P i e";\T , that no failure will occur. This is mission

o

oo

Z pj + R where R is the probability

J=l

of no failure, l? = Pu = R , the reliability. Then

R b =8
A, - i e AZ%DQJM*Q

availability HM



This last addition would not have been necessary if

E) — "XT(XT) (‘ - )

J

were summed from j = 0 (for no failure) to j = e© , but
this leads to more abstruse reasoning in the solution.

It is also interesting to note that Ay becomes 1 for
A = 0 and Ay becomes 0 for T =<e2 . Also when no repair is
allowed AM becomes R (the reliability).

These are the limiting conditions which would be

expected.

14



APPENDIX

In the case where the equipment is non-maintainable,

that 1s tc = (),

" oo ) t
ﬂH =l - \! Z..@ o | since e"}-JL “=| for‘tcr_o

Je L
w -:AT( Al |)
S|+ e._?\T

QM :eﬁAT _RT

the reliability for time T.
Some other interesting limiting conditions supporting

the correctness of the equation are

Lim A = bim {_ ““T[Ltm CA_) [le e $ M ]

T—so0 M T-—=>e J)>o0 J»oo

=3 (1= [ M ]

Lim A = Lim AL

T->c0 M T—=><o e = C)
similarly

L
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Examples
Availability for LUT and LCC
Given

LCC Availability, Ay = .995

MTTR .

.5 hrs; = 2
4 !

15 hrs.

Mission Time, T
Total repair time, tc = 1 hour
" Reliability required for 15 hrs is .9639 + €
for 7 hrs is .9830 + ¢
Solving Ay for A by computer yields

A = .00245 x T
'. RT — e_000245 X T

o=-00245 x 15 _

« R1g = .9639 + &

= e—.00245 x 7

.9830 +¢€

(¢ designates error)
LUT to operate for last seven hours without maintenance
with reliability of .99. This implies a failure rate of no
more than .001436.

Given

Il

Reliability R .99 for 7 hrs.

-.010051 -7A
e =
.010051 = 7A
.001436 = A

16



-.001436 x 8 _

So for 8 hrs R = e .98858 + ¢

. Ay = .99844 (by computer)

Lce Ay = .995 A = .00245

LuT Ay = .99844 A =Ry = .99% A = .001436
8 Hrs. 7 Hrs.

* LUT is non-maintainable during last 7 hrs.

17



Computer Program

Manual computations of the availability equation
proved to be very laborious and cumbersome. Calculations
become particularly time consuming in the case where

[ATQJ converges very slowly. Experience has shown
L

that the number of terms to be calculated depends on the
value of AT. If AT = 1. 3 to 10 terms are sufficient.
If AT > 1. the number of terms needed is about 3 AT.
These difficulties were overcome by a computer

program written by Mr. C. Metelmann.

To do this, the sum:

- ) 75
T 1) e 73
=1 i
was treated as follows:
b
then s «+ AT = Q)i+l

j+1 |(3+1)

Each of the terms generated must be multiplied by

and then added to the sum.

18



It was decided to stop generating terms on two
conditions:

_ Btc
J

(a) If the termS - e becomes smaller

than 1 x 10710
(b) If 100 terms had been calculated without
condition (a) being fulfilled.

The program written in FORTRAN II is available upon

request.

19



Graphic Presentations

The following charts show some typical results. The
charts are all based on the same repair rates g = .333 and
the same time constraint t_, = 2.5 hrs.

Fig. V shows the general form of the availability func-
tion for various failure rates A.

Fig. VI is an extraction from figure V of the area
.95 < Ay <1 and T < 600 hrs. In figure VI the reliability
scale has also been added. For example: given T = 470 and
A = .0002; R = .91 and Ay = .96 can be read from the graph.

Fig. VII shows an example of the relation between re-
liability and availability for identical failure rates and

the same mission time.

20
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