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PART I 



THE FIRST L A W  OF TH3RMODYXAMICS 

The f i r s t  law of thernodgnaoics i s  nothing more than a 
4a-cLT 

s t a t e ~ e n t  of the  con&er$ation of energy. For a  c losec  system, 
A 

the  f i r s t  l a w  i s  expressed na thena t i ca l ly  a s  follows: 

where : = the heat  t r ans fe r red  across  the 
b o u d a r i e a  of the egstem 

= the change i n  i n t e r n a l  energy of the 
sgs tern 

&/ = the work done on, crr Sy, the system. 

we 'eus the bar  on the d i f f e r e n t i a l s ,  af i n l a ,  t o  ~ n f i -  

ca te  t h a t  these d i f f e r e n t i a l s  a re  n o t  exsc t ;  L.e., these q u a n t i t i e s  

depend upor, the path.  The inbarred d i f f e r e n t i a l ,  du, indica te3  

a q u a n t i t y  t h a t  i s  an exact  d i f f e r e n t i a l ;  l e e . ,  a quant i ty  deaen- 

dent  only on the i n i t i a l  and f i n a l  s t a t e  of the system i r respec-  

t i v e  of the p a t h  followed i n  going between the i n i t i a l  and f i n a l  

s tate.  

The pgwer of thermodynamics l i e s  i n  the  l o g i c a l  s t r u c t u r e  

of the sub jec t  and the extensive m e  ~f exact  d i f f e r e n t i a l s  i n  

the mathematical formulation. T h i s  s h a l l  be i l l u s t r a t e d  by 

v a r i ~ u s  examples i n  the following d iscuss ion-  

. ZXPANSION WORK ' 

An e x p l i c i t  expression f o r  the work of expansion may be 



- - -. 
* - 3. a - 

btained by considering a p i s t o n  acted upon by a constant  pressure 

P, see Fig?- 1. 
- 

Figure 1. Schematic f o r  Development of Expansion Work 

The pressure r e s i s t i n g  the  motion of the  p i s t o n  i s  i n f i n i t e s i m a l l y  

bif i 'erent  from the  e x t e r n a l  pressure P. The e x t e r n a l  pressure 

a c t s  over an a r e a  A so  t h a t  the force on the p i s t o n  i s  

and the work i n  moving the  p i s t o n  a d is tance  4 1  i s  

A ~ J =  fhd = 7>~,a ( 3 ~  

But the volume displaced is 

s o  t h a t  

o r  i n  the  l i m i t .  

DEMOi'~S.Ti?ATIGN TEAT WORK DECPENDS ON PATH 

Consider the  following two d i f f e r e n t  paths  between an 

initial and final s t a t e  



~ - - .  . a 
L 

- 1 I F *  

yEs*2T\ 
r,v,aT 

/ 
PL. %,T, 

~ G , L I ~ ~ T ,  a 
Assum t h a t  an i d e a l  gas i s  acted on s o  t h a t  the equation 

of s t a t e  is - 

'PI/= RT 
The wark of expansion is 

L J - J P ~ V  - 

Mow ,. 

Y (7 1 

- I n  general ,  the work aalng pa th  1-11 w i l l  be d i f fe ren t  from the  

work along path  111-IV; i .e . ,  

RB'C%RSIBLZ ADIASRTIC PROCESS 

A n  aa i aba t i c  process i s  defined as  a change from an i n i t i a l  

to a final s t a t e  such t h a t  no heat  i s  t r ans fe r red  acrcss the 



boundaries of the  system; thus,  we have 

I 
and the f i r s t  law becones 

Considering a ~ l y  r e v e r s i b l e  expansion work y ie lds  

where. : P = pressure i n  system 

Y = volume of the system 

T h e  use of e q ~ l a t l o n  (14) implies a r e v e r s i b l e  psscess s i ~ c e  the  

system p re s swe  &us: be everywhere the same and the changes i n  

pressure  nust be s u f f i c i e n t l y  small z o  t h a t  no pressare  gradients  

are generated. If pressure  gradients  were included, a s p a t i a l  

coordinate  would be requi red  i n  e q u a t i m  (13) t o  descr ibe  such a 

gradient .  S u b s t i t u t i o n  of eq. (14) i n t o  eq. (13) y i e l d s  

da+?dV = o (15) 
Assuac t h a t  the i n t e r n a l  energy U is a funct ion  of volume 

and temperacure only, then 

u = U C V , T )  (15) 

and 

f o r  an i d e a l  gas 

s o  t h a t  eq. (17) becomes 



and consequently eq.  (15) becones 

The h h t  capacity i s  by def in i t ion  the aaount of heat 

added t o ,  o r  taken from, the system per-degree of temperature 

. change. According t o  the f i rs t  law 

tg = du + ?Jv (21) 

and f o r  a constant volurr?e process eq.. (21) becones 

but 

s o  t h a t  eq. (22) may be wr i t t en  

. . (24 
Replacing the ) with f i n i t e  dlfferencee 

y ie lds  

Taking th? limit of left-hand side of  eg. (26) y ie lds  

& -3 $ z c  
a7-0 

w h e r e :  C = heat capacity 



me i d e a l  gas equat ion  ~f s t a t e  per mole 1s 

PV = RT . (29 )  

where R = ?miversa1 gas  cons tant  

T . 2  absolu te  t e m ~ e r z t u r e  of the system 

and s u b s t i t z t f o n  of eq. (29) i n t o  eq. (28) ~ s u l t s  in 

dv ! 

C y d T  +-RTT=O (36) 

Dividing t h ~ o u g h  by T and i n t e g r a t i n g  leads  t o  
f- 

CY d~ = - R .  $ i" T; ~ (31) 
Assuming Cv 1s a cons tant  permits explicit i n t e g r a t i o n  o f  

eq. (31) t o  o b t a i n  the r e s u l t  - 

7", c , R , ~ = - R ~  + (32) 

or (~r  = (g," 
(331. 

o r  a f t e r  s u i t a b l e  a l g e b r a i c  manipalation 

"= ($7 
S (34 1 

where : = s g e c i f i c  heat  r a t i o  

Sqnat ion (34)  has Seeo & r i v e 2  sgb j e c t  t o  the  f o l l m i n g  

assam2tions: (1) the  system i s  encl3sed w i t h  p e r f e c t l y  i n s u l a t -  

i n g  wa l l s ,  ( 2 )  the o n l ~  w m k  3ane by the s;rsteiu i s  exsaa3ion work, 

(3) . tne process iz r e v e r s i b l e ,  ( 4 )  tkie system contains  an  i d e a l  
: 

gas, and (5)  the constant  vclaae heat ca?~citg i s  a constant.. 
I 

3NTW;ZLPY 

A q u a n t i t y  of c ~ x s i 2 e r a b l e  ase i n  chemical thermsdgnhmics and 

gas dynamics i s  the enthalpy.  By d e f i n i t i o n  the  entha lpg  is the sum 



of the  i n t a r n a l  energy and pressure-volume product; of the  sgs  tern. 

Mathematically this becomes 

> 

Taking d i f fe renSia l s  ~f bgth  s ides  of eq. (35) r e s u l t s  i n  the 

f a l l  owing 

and g t i l i z i n g  eq. (21) reduces eq. (36) t o  

Constant Pressilre Heat ~ a ? a c i t g  

For a ccns tant  p r e s s w e  process, eq. (37) becomes 

dH = 
crr i n  t e r m  3f f i n i t e  dlfferencCs 

. - 
I 

( 3 9 )  

Dividing both s ides  of eq- (39)  5y and tak lng  the l i m i t  y i e l d s  

Squat ion (41) i s  the de f in ing  r e l a t i o n s h i ?  f o r  the c m n t a n t  p r e s s u x  

hea t  capaci ty .  

TliERMOCHEMISTRY 

We shall cons ider  the  p x b l e k  sf c a l c u l a t i n g  the  hea t  of  

chemic.al r eac t ion  a t  cons tant  pressure.  This i s  of  inmediate 

iu ;~ r t ance  s ince ,  i n  general ,  roeke t comSu~tion chamber processes 

+ occur a t  what c o n s t i t u t e s  constant  pressure condi t ions.  The f i rs t  

law of  therm~dynamics f o r  a  f i n i t e  process is 



"% = aL(+ PnV 
(42) 

From eq (35), we ~ b t a i n  f o r  a f i n i t e  process ,? 

and concbination of eqs-  (42) and (43)  y i e l d s  

t VYP (44) 
For a cons tant  pressure processy  eq. (44) becomes 

AH = A& 
P (45) 

where the s ~ b s c r i p t  P I s  used t o  denote a constant  pressure  process.  

Thus, i t  has bee3 shown t h s t  the p r ~ k l e i n  of corn2ating cons tan t  

pressure hea t s  of r e a c t i o n  i s  one of computing changes i n  enthalpy.  

The hea t  of r e a c t i o n  i s  simply calculated by using s tandard 

heats of f ~ m a t i g n  vfhf ch a re  nothing aore than the entha lgg  change 

required t o  form t h a t  s 2 e c I . e ~  from the elements i n  t h e i r  standard 

s t a t e  a t  cons tant  ternpera2ure. For exatrple, consider the  f o r m -  

t i o n  of water by the chemical ccn3nbination of molecular hydrogen 

and molecular oxygen 

The heaS ~f r e a c t i ~ r l  i s  the enthalpy 6 i f ference  Sefween the  f i n a l  

s t a t e  and the i n i t i a l  s t a t e  o r  

where : ...) ; stanCar8 hea t  of' f o r m t i o n  f o r  the 
chemicsl spec ies  i n  parentheses 

Using the  heats  of formation i n  Table I I n  eq. (47)  y i e l d s  



TAB= I. STANDARD HEATS OF FORMATION OF SLECTZD S'ETSSTANCES AT 298.16'~ 10. 

SUSS TANCE: 

1 





ff the va r i a t i on  of heat  Cpapcltg with temperature is known for the 
F 

products and reac tan t s*  

Conside? the react ion 

2 kc%', +- q c p -  2 cl,o c%', 
and ca lcu la te  the heat  of react ion at 1 2 0 ~ ~ .  The heat  of  reac t ion  

a t  25% was 3reviouslg shown t o  be 115,596 ca l .  Now 



1. Develop exgressfons fo r  the work of expansion m d e r  the condi- 

t i o n s  of: (a )  constant  p r e s s w e ,  ( b )  constant  temperaturep 

( c )  cons tant  v o l u x ~ ,  2nd ( d )  reversi 'b le  a d i a b a t i c  process. 

Assume the f l u i d  i s  an  i d e a l r  .P * 

2. Calculate  the heat  of r e a c t i o n  f o r  the following 

( a )  2kiscg1 t ccg, - C H  ( ) $ 2  
(b )  20~(-9) % CC(+($)- CQ C ) +zH.oCJ) 2 3  
( c )  COC 1 + ~ ~ ~ C g ) - - s  coxcp + A&(8) 6 
( d l  C <4> 

3.  Calcula te  the work required t o  compress one mole of i d e a l  

gas from one eta, t o  200 atm a t  298.16~~. 

4. The van de- Kaal l s  equation o f  s t a t e  i s  

where a and b a x  ccns tants .  Shcrw t h a t  fjr a van d e r  waa l t  s  gasp  

the isothermal ,  r eve r s ib le  work of expansion f o r  one mole i s  

given by 

where V I  i s  the i n i t i a l  volume and V2 i s  the  f i n a l  voluae. 



CHAPTER II 

THE SECOTD LAW OF THZRMODYNAMICS 

The. f irst  law of thertnodynaaics i ~ o n l y . c o n c e r m e d ~  w i t h  

t h e  problem of makf ng an energy balance. I n  ane sense, the  f i r s t  

l a w  mag be Lobked upon a s  a n  accoimtant  t h a t  keeps t r a c k  of  .where 

enerby goes and how much goes there .  However, the  f i r s t  law 
- .  

places  no r e s t r i c t i o n s  u2on energy t r a n s f e r  s o  t h a t  u t i l i z a t i o n  

of the f i r s t  law by i t s e l f  could r e s u l t  i n  the  i n t e r e s t i n g  s i t g a -  
I--- 

t i c n  wherein hea t  would be t r ans fe r red  from a sys tem a t  low tempera- 

t u r e  t o  a system a t  a higher  temperature. The second law of  

thermodynsmics plays the p a r t  of a man2ger who makes p o l i c y  so 

t h a t  l i d t s  a r e  s e t  up and, f o r  exam?le, hea t  t r a n s f e r  i s  permitted 

t o  %ske p lsce  only from a high tenpera tare  t o  a lower temperatare. 

'Like the  f i r s t  law, the  second law i s  an empiricism and i s  j u s t i f i e d  

by t he  f a c t  t h a t  a l l  experience has been i n  accord wi th  t h i s  l a w .  

The second law of thermgdparnics Introduces the concept 

o f  e n t ~ o p y .  According t o  the second law, a l l  entropy changes 

m ~ s t  be zero o r  pos i t ive .  Z ~ e c i f i c a l l y ,  the entropy change 

dur ing  a r e v e r s i b l e  process is zero and during a n a t u r a l  o r  

spontaneous j r3cess  i s  p o s i t i v e ;  i.e., 

dS =o., for a r e v e r s i b l e  process 

f o r  a n a t u r a l  o r  spantaneous ( 1 )  
7 *> process 

~ n t r o p y ,  S ,  1 s  defined a s  the r a t l o  of the hea t  change 

vrithin the system divided by the absa lu te  t e ~ p e r a t u r e  of  the  

sys  tern 



ane i t  should be noted t h a t  & i s  e per fec t  d i f f e r e n t i a l *  T h i s  is 

extremely valuable  when making computations of entropg changes 

s ince  w e  may com3ute the entropy change between any two sta tea  

by following a hypothet ica l  r eve r s ib le  process and thereby obta in  

the  i r r e v e r s i b l e  e n t m p g  change. We s h a l l  now consider the ca lcu la -  

t i o n  of entropy changes f o r  var ious physical  processes.  

Since a change of phase occurs ~t cons tsn t  temperatwe 

and the change of phase i s  a r eve r s ib le  process ,  eq. (2) m s g  be 

used t o  evaluate  the entropy change. Thus 

where: 2 = l a t e n t  heat  of phase t r a n s i t i o n  ,-- 

ZNTRQFY CHAKGZS FQR AN IDZAL GAS 

Combining the f i r s t  and second laws of thermodynamics 

y i e l d s  the SolHowing ve ry  ~ s e f u l  r e l a t i o n  

T&s= + PdV (5) 

d7- d v  d s = c V  - j : + R j -  (61 

I n t e g r a t i n g  eq. (5)  y i e l d s  

7.L A S =  C ~ A - - + ~ R $ -  7;- (7) 

From eq. ( 7 )  i t  follows t h a t  the  entropy change during the 

isothermal  expansion of an i d e a i  gas i s  given by 

FOP a change cf temperature a t  constant  volurme, the  entropy 

inc rease  of an  i d e a l  gas i s  found t o  be 

(91 



and thus eq. (5) becomes 

, . 
which is i d e n t i c a l  t o  the  equat ian  used i n  Chapter I t o  Cerive the 

c h a r a c t e r i s t i c  express ion  f o r  a r e v e r s i b l e ,  ad iaba t i c  process.  

ENTROPY OF MiXIRG 

Consider fl, moles of a n  i d e a l  gas a t  volilme !/, and #Ii 
1 

moles o f  an i d e a l  gas a t  volune The two volumes af  gas a r e  

bo th  a t  temperature 7- and Fressure P If these t w g  volunes 

are nixed t oge the r ,  the f i n a l  volgme V will be 

and the  t ~ t a l  number of moles fi will be 

ne= n,  c n, (12) 

For an i so thermal-  pracess ,  the entropy increase  is given by 

eq.  (8) which w e  apply t o  each cons t i tuen t  
---- - -. - 

,S @ .. .,aR x (13) 

and $ 

A S  m & x - g l t  ( 14 )  

The t o t a l  en t ropy change i s  

(15) . 

or 

By d e f i n i t i ~ n ,  the nqle f r a c t i o n  of a given csaponent is the  

. number ~=lf mQles of t h a t  c9rr;~nent .c'i~i'c?ed by the t o t a l  number 

af moles i n  the mixture, so  that 



w h e r e  X, I mole f r a c t i o n  of com?onent gas t 

X I  2. mole f r a c t i o n  of component gas ,2 

A t  cons tant  pressure  

t h e  r e s u l t  t h a t  

and temperature, the i d e a l  gas law y i e l d s  

Using eqs.  (19) and ( 2 0 )  i n  eq. (16) y ie lds  

4 

ENTROPY CHANGE AXE CHZMICAL REACTION 

The ent ropg change f o r  a chemical r eac t ion  1s ca lca la ted  

i n  the  same manner ,as the enthalpy change. Since the entropy i s  

a  pa th  independent quant i ty ,  the entropg change i s  sfmply the  

entropy d i f fe rence  between the  f i n a l  and i n i t i a l  s t a t e s .  

Consider the genera l  r eac t ion  

+ b B - d ~  + = E  (22) 

and the entropy change i s  

where : g<.. . .) = s t ~ n d a ~ d e n t r o p y  a t  temperature 
of chemical speclee in parenthes is  

Far exzmple, the entropy change f o r  the water gas r eac t fon  i s  

Co+ Hzo- Coz+ H L  (24) 

&a9t(pescfl~n) ' +at.= - y7.30 - . / s . l l=  -tc.r J c~LQ/+. 
A t a b u l a t i o n  of molar en t rop ies  for some se lec ted  compounds i s  

given In  Eable 2. 







MOLAR ElKTROPIBS (cal/mole-%) 
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CHi3XICA.L EQUILIBRIUM CRITERIA 

Equilibrium c r i t e r i a  a re  e a s i l y  developed from the Gibbs 

free energy and the Helmholtz f r ee  energy. By d e f i n i t i o n ,  the 
I 

Gibbs f r e e  energy i s  
j 

and the Helmholtz free energy is 

Taking d i f f e r e c t i a l s  of eqs.  (1 )  and (2), and using the combined 

form of the  f i r s t  an8 second laws leads t o  

and 

Squztions ( 3 )  and ( 4 )  apply t a  thernodgnamic s y s t e ~ s  w h i c h  are 

subjected t o  pressure-voluxe work. 

It i s  convealect t o  view the f r e e  energies  i n  terms of 

the  - .  lrseful work done qn, or  by, the system qther  than pressure- 

volume work. To d o  this,  we wr i t e  the f i r s t  law a s  frsllows 

dg = d u + p d ~ + d p  
w h e r e 4  i s  irork o ther  than presswe-volume w o r k .  C3mbining - 

eq. (5) with the second law yields 

Ti3 = ALL +P$V- djq 
B u t  

Tas = dH - v d ~ - d c p  
and 

Combination of eqs. (7)  and (8 )  y i e l d s  

?, d~ = v & P - s $ T + ~ @  



A t  eonsgant temperature and cons t e n t  pressure 

so t h a t  t h e  use fu l  work o the r  than pressure-vglume work 1s equal 
> 

t o  the  change in Gibbs f r e e  energy. 

The condi t ion  when no useful  work i s  done o the r  than 

preosure volume work i s  the  equllibriurn condition.  Thus, a t  

eqlxilibrium, the  change i n  Gibbs f r e e  energy i s  zero. 

EQUILISRIUM CONSTANT 

For the  purposes of t h i s  discussion,  the  equi l ibr ium ' 

constant  w i l l  be defined f o r  the s p e c i a l  case of an i d e a l  gas. 
- 

S?e consider the  following general  r e a c t i o n  

C a4 + b B  + C C + . ~ .  - 15 + Y Y + ~ E  (12) 

where the r e a c t a n t s  and products a r e  i d e a l  gases. Theequilibrium 

c ~ n s t a n t  f ~ r  the r e s c t i o n . o f  eq. (12) i s  

kp= (13) 

where the ~i i s  the  ? a r t l a 1  preasure of sgecies  (3 ra ised  t o  the  

power Ct . The q u a n t i t g q  i s  n u r n e r i c a l l ~  e q ~ a l  t 9  the molar 

c o e f f i c i e n t s  i n  the  r e a c t i o n  of eq. (12). Xquatfon (13) can be 

r eea s t  i n t ?  another  use fu l  form by noting t h a t  the p a r t i a l  pressure 

of  an i d e a l  gas i s  equal  t o  the product of the mole f r a c t i o n  and 

p r e s s w e  of the  system; i .e.,  

where : = p a r t i a l  ressu,xe 

= system pressure.  



In t roduc t ion  of eq. (14) i n t o  eq. (13) yLelds 

FOP a system p a r t i c i p a t i n g  i n  a r e v e r s i b l e  isothermal  

process  wi th  pressure-volume work only, the change i n  Gibbs f r e e  

energy i s  

$G = V$P 
I n  the case of an i d e ~ L  gas, eq. (16) becomes 

and upon i n t e g r a t i o n  of eq.  (IT), we obtain 

aG =RTA; (18) 

Now consides the genera l  = a c t i o n  -- 

b B  +. c C  = m M  +rid (19) 

The change i n  f r ee  energy f o r  the r e a c t i ~ n  of eq. (19) i s  

S ~ p ? g s e  t h i s  r e a c t i m  takes place under  Qo t i i f r e ren t  s e t s  

of condi t ions .  C a l l  the two s e t  o f  r e a c t i m  c g n d i t i o n s ~ a n d  e . 
For thex) s t a t e s ,  we have 

snd f o r  the  @ s t a t e s ,  w e  have 

Subt rac t ing  cq. ( 2 2 )  f r ~ m  eq. (21)  ~ i e l d s  



~ u t  according t o  eq. (1%) .es 6'- G,' = RTA (24) 

_ and - 
I 

S imi lar  r e l a t i o n s  hold f o r  the o the r  cons t i tuents .  Subs t i tu t ion  

of eq. (25) and its counterpar ts  i n t o  eq. (23) yields 

(26) - 

t o  the  

same s t a t e  y i e l d s  

Now we i d e n t i f y  the  state^ a s  the reference s t a t e  i n  which 

the  i d e a l  gas has a pressure  of u n f t ~ ,  so  t h a t  

Further ,  we i d e n t i r y  the  s t a t e 4  a s  the equi l ibr ium s t a t e  and 

then 
lee = Kp (31) 

and 
a~~ = 0 (32) 

s ince  the  change ia Gibbs f r e e  energy i s  zero f o r  an equi l ibr ium 

process.  Thus, eq. (28) becows 

AC" = -RTA+ (33) 

.' 



1 EPFZCT T E F E S E f a A W  QN EQ'OILIaRm COBSTABT 
- .  

Rearrange eq, (53) t o  the followbag: 
_ --- 

anb differentiate eq. (34) with respect to temperature 

Differentiation of G/T at constant pressure gives 

But 

therefore eq. (36 )  become~ 

So that eq. (35) ~econea 



as%, %he e q d l i b r i m  is said t o  be heterogeneoras. For example. suppose 

calcim carbonate is heated i n  a closed space; i t  undergoes iKssociaMoa 

d the eq&libriam is 

. The equilibrium constant is 

T -fcaac&J COJX) 
(42) XP = 

but  s ince  the  p a r t i a l  pressures of the sohid species are independent of the -- 

quant i ty  of s o l i d  present and furthermore a re  constants, eq. ' (42) may be 

In  this  csse,  the equilibrium constant is equal to  the p a r t i a l  pressure of the 

carbon dioxiae formed which i s  the  dissocia t ion pressure f a r  ealciwn car- 

- 

4n equilibrium of more immediate concern is 

(44) 

The equilibrium constant f o r  the l a t t e r  equilibrium is 

(45) 

(46) 



where the  - w e n t  given above was used t o  eliminate the  p a r t i a l  pressure 

of s o l i d  graphite. This argunaent can be put on a rigorous b w i s  by use of 
- - - 

e - 
the fugaci ty  concept and w i l l  not  be discussed here. 
- 

4- % - .  - . 
COMBINATION OF E~UILIBRIUPI CONSTAEFPS 

. a 

X t  has been out t ha t  the in te rna l  energy, entropy, enthalpy, Gibbs 

f r e e  energy, and Helmholtz f r e e  energp a r e  perfect  d i f fe ren t ia l s .  This 

property which implies an independence of the path followed between any two 

s t a t e s  permits the development of sone prac t ica l ly  useful  relat ionships.  

Iaz par t i cu la r ,  w e  shall be concerned here with the problem of evaluating -- 

equilibrium constaxits f o r  a given equilibrium by use o f - tab les  of equilibriraaa 

~ i r s t ,  we-note- t ha t  the change i n  Gibbs f r e e  energy f o r  the  react ion 

f s given by 

&GO= d q G f O ( ~ )  + e PG;C:"(E) 
- - (48)  

,- - ~ ~ ~ - ~ ~ c ; c B )  - 
The equilibrium cocstant  f o r  eq. (47) is  -- 

Consider the addi t ional  chemical equilibrium 

do + ~ E - s  f~ +j J 
and then. 



The net change in Gibbs free energy for the tranafowation 

a A  + bI3- &D + e ~ ~ t  f ~ + j  J (53) 
- .  

i s  

A G ~ c ~ J )  - ~G"(97) + P G ~ { S , >  (54) 

and the equilibrium constant for the overall transfsmatian 

Thus, if an equilibrium may be represented as the sun or difference of two 
x:- * - -- 

or sore equilibria, the eqxi.1ibri-m constent for the resultant is the product 

-'"or quotient of the equilibrium constants for the equilibria '*"nose surn or 

difference is the desired result. 

This will now be illustrated with an example. Consider the foll~wiog equilibria 

(60) 

The algrbraic sum of eqs. (581, (59), and (60) is 

k, = (62 )  

- G,IQ 
where $,q9 5 , g *  %,lo were taken from Table 3 ,  

-+ 



+ 
See Table 3c for definition of symbols 



EQUILIBRZUH CONS 

1,2331 E 69 
8,1283 E-16 . 

1.339'7 E 19 3.4356 E 51 

1.8113 E 41 

2.5177 E 34 

3.1842 E 29 

6.7143 E 25 

9.2470 E 22 

4.7534 E 20 

6,3387 E 18 

1 *7378 E 17 

8.2414 B 15 
6,05154 E 14 

6.2951 E 13 

8,6896 E 12 

1.5031 E 12 

7.8524 E 10 

2,2387 E 10 

2.5498 d 9 

4.1850 E 8 

7.7108 E 6 

2.0334 E-1 - 

, * 
See Table 3c for d e f i n i t i o n s  of symbols 





- GAS DTXAKICS 



CONSERVATION 

The correct starting point for solving any problem in gasdynamics is the 

formulation of the three conservation laws; i .e., continuity, energy, and 

momentum. Our purposes here will be adequately served by considering the 

one-dimensional, steady flow of a compressible fluid. The consideration 

of one-dimensional flow principles is necessary before a clear understanding 

of theoretical thrust chanber perfomance may be achieved. 

THE CONTINUITY EQUATION 

The continuity equation is an expression far conservation of mass. At any 

two sections in steady flow field, the mass flows are the sane and may be 

expressed as 

where - f i  = density at point 1 

A = velocity at point i 
i 

Ai = streamtube area at point i 

m = mass flowrate . 

T=' ENERGY EQUATION 

select for the system a definite portion of fluid as shorn h Fig. / . 



The energy equation is simply the  appropriate form of the  first law of 

thermodynamics f o r  the  system under study, According t o  the first l a w  

q + work done on the  system = increase i n  energy (3) 

The volume displaced i n  moving the piston from posit ion 1 t o  1 '  is v-  and 1 

from posi t ion 2 t o  2' is v The work done i a  2' 

The energy i n  the system consis ts  of two parts: ' (1 )  the i n t e rna l  energy 

and (2) the' k ine t ic  energy. Thus, the increase -in energy due t o  the fore- ' 

I 

mentioned displacements is 

~ n c r e a s e  i n  energy = (eA + A: ) - (e , c $ u :) - 

Combining eqs. ( 3 ) ,  ( 4 ) ,  and (5) y ie lds  the energy ecuation f o r  steady flow 

which 'upon f ntroduc t ion  of the  en thalpy becomes 

TIiE #OMi3BTUP4 EQUATION 

I n  t h i s  section,  Fewton's second law of notfon w i l l  be a p ~ l i e d  t o  a f l u i d  

element, The Eulerian viewpoint v i l l  be used; i .e,,  the fluid p a r t i c l e  v i l l  

be followed as i t  ?asses through a tube and thereby meets var j ing  conditions. 

The accelera t ion of a pa r t i c l e  is  

where a = acceleration cosponent i n  the X d i rect ion x 

= veloci ty  i n  the X d i rect ion 

t = time 



Bext we compute the force acting on the flui0 element and f o r  t h i s  consider 

the f l u i d  element i n  Fig. 2, Let forces acting to  the r ight  be positive and 

forces ' 

F I G m  2. PRESSURE ACTING ON F L U I D  P.@.TICU 

acting t o  the left be negative so that  the resultant force is 

Dividing eq. (10) by the volume AaX and the mass per uni t  volume yields 

- .  the force Fer kit pass . 

according to  Newton's second l a w ,  we may s e t  ep. (8) equal to  ep. (1  1) t o  
. < 

obtain 

which is Euler's equation. 

For steady flow 
- 



and eq. (12) becomes 

or in integral form 

INTEGRATED MOMENTUM EQUATION FOR ISENTaOPIC FLOW 

It was shown in Chapter I that the relationship between pressure and density 
. - . . 

for a reversible, adiabatic process is 

. \  
. Differentiating eq. (16) yields . . . 

Substituting eq. (1 7) into eq. (1 4) and integrating yields 

Equation (18) is completely.general and may be applied to variable area 

flow. 

OTHER FORMS OF TI33 HOEENTUM EQUATION 

Two cases of practical interest are incozpressible and constant area flow. 

For incompressible, the density is constant and integration of the momekwn 

equation yields 

In the constant area case, we substitute the continuity equation into eq. 

(14) and then integration yields 



38 . * 

. - 

- ISENTROPIC MERCY EQUATION 

The energy equation equation for isentropic flow has the I o n  

or in - differential form 

Setting dh = C dT in eq. (22) ~ields. 
. P 

which rcay be integrated to f i e l d  

COKFESSIBEE NOZZLE FLOY 

In this section, we shall develop the one-dimecsiosal theory for compressible, 

isentropic flow through a channel of various cross-sectional area. For this 

purpose, the flow system will be taken to be a converging-diverging nozzle 

attached to an infinite reservoir as shokm in Fig. 3. 

FIGrn 3. SCEiEIWTIC D1AGR.a FOR VARIABLE AREA FLOW SYSTZX 



where t he  subscr ipt  i r e f e r s  t o  any point i n  the flow f i e l d  downstrevn from 

the reservoir ,  According t o  eq. (26) the  veloci ty  a t  any point i n  the nozzle 

is proportional t o  the enthalpy drop between the  reservoir '  and the  point  of . . 

i n t e r e s t ,  Specif ical ly ,  the veloci ty  at  the  nozzle e x i t  is given by 

(27) .. 

Equation (27) w i l l  be useful  a f t e r  the expression f o r  th rus t  due t o  nozzle flow 

is developed. 

Another useful  expression f o r  ve loc i ty  i n  the case of isentropic  flow may 

be obtained by &ing eq. (24) i n  the following form 

Using the i dea l  gas equation of s t a t e  i n  eq, (28) yie lds  

but 

R 
-A 

0 - - * - I  

so  t ha t  eg. (29) becomes 

S e t t i n g  a, equal to  zero and making appropriate changes i n  the  subscr ip t s  



In t h i s  sect ion,  d i f f e r e n t i a l  equations describing revers ible ,  ad iaba t ic  

flow of an i d e a l  gas in  a channel of var iable  cross-sectional a rea  w i l l  - 

be developed, The s t a r t i n g  point  is the  continuity equation 

-which may be d i f f e r en t i a t ed  t o  y i e ld  

- Also, we d i f f e r en t i a t e  the  i sen t rop ic  re la t ion;  i.e,, 

thus 

and f i n a l l y  we s h a l l  require  the  d i f f e r e n t i a l  form of the momentun equation 

Conbining eqs. (36) and (37) y i e ld s  

- -  -- - (38 )  

and then combining eqs, (34) and (38) y ie lds  



using sq. . (41 ) in eq. (39) f i n a l l y  e e l d s  

d u  - -  I - clle - - - - (42) 
& (I - M=) '4 

Area is  always g rea te r  than zero while the  Mach nwnber i s  always g rea te r  

than o r  equal t o  zero. ve loc i ty  must be d i f fe ren t  from zero f o r  eq. (42) 

t o  have meaning, Therefore, i f  . . 

M.c I , d A c o  & > o  ( 4 9  
> 

t h a t  is t o  say the  ve loc i ty  increases i n  subsonic flow i n  a channel of decreasing 

area;  and if 

sa t h a t  i t 5 s  seen t h a t  f o r  supersonic flow i n  a ch&rmel of decreasing area 

the  ve loc i ty  decreases. 

Ut i l i za t ion  of eqs. (34). ( 3 6 ) .  (37), and (41 ) leads  t o  the following dif-  

f e r e n t i a l  equations f o r  one-dimensional, i sentropic  flow of an idea l  gas 

FLOkXkTE TEROUGH A NOZZLE 

. 1 n . t h i s  section,  we s h a l l  develop the relat ionships f o r  mass flowrate of an 

ideal gas. flowing through a converging-diverging nozzle i n  a revers ible  

adiabat ic  manner. The system and noneoclature shorn i n  F i v e  3 will be 

used. We rewri te  eq, (32) a s  follows: 



and upon introduction of the isentropic  re la t ion  eq. (50)  becomes 
. . 

(51) . 

where the  var iab le  without a subscr ipt  r e f e r s  t o  any point i n  the  s t r e a m  

Combining the continuity equation with eq. (51) yields  

Using the  isentropic  r e l a t i on  t o  eliminate (3 fmm eq. (52) y ie lds  

Tbe mximum f lovra te  w i l l  be achieved when G is  a maximum and the condition 

for  maxbm f lovra te  is  obtained by d i f fe ren t ia t ing  eq. (53) with zsspect  

t o  P/PO and s e t t i n g  the der ivat ive  eq&l t o  zero. This gives the  so-called 

cr i t ica l -pressure  r a t i o  



1. Following the method outlined i n  developing eq. (53). develop an 

ergressloln fo r  flowrate through a nozzle i n  which the entrance velocity 

. . is suff ic ient ly  greater than zero and, therefors, not neglected. 

2. Using the resu l t  of Problem I, develop the expression for the c r i t i c a l  

pressure and show that  t h i s  expression reduces to  eq. (54) when the 

area of the nozzle entrance becomes very large. 

3. Prepare a table showing how velocity,  density, pressure, and tempera- 

ture  vary in a converging channel and i n  a diverging channel for both 

subsonic and supersonic flow. 



CHAPTER V 

THEORETICAL PROPELLANT PERFORhfANCE CALCULATION 

C a l c u l a t i o n  o f  t h e o r e t i c a l  per formance  p a r a m e t e r s  i s  accompl i shed  

by t h e  s t r a i g h t f o r w a r d  a p p l i c a t i o n  of  thermodynamic-and f l u i d  

dynamic p r i n c i p l e s .  I n  t h i s  c h a p t e r ,  t h e  methods used  t o  c a l -  

c u l a t e  combust ion  t e m p e r a t u r e ,  s p e c i f i c  i m p u l s e ,  t h r u s t  

c o e f f i c i e n t ,  and  c h a r a c t e r i s t i c  v e l o c i t y  w i l l  b e  d i s c u s s e d .  

I n  p a r t i c u l a r ,  t h e o r e t i c a l  p r o p e l l a n t  pe r fo rmance  c a l c u l a t i o n  

t e c h n i q u e s  f o r '  c o n s t a n t  c o m p o s i t i o n  f l o w ,  s h i f t i n g  e q u i l i b r i u m  

f l o w ,  and  k i n e t i c  f l o w  w i l l  b e  d i s c u s s e d .  No e f f o r t  w i l l  b e  

made t o  d e a l  w i t h  t h e  t e c h n i q u e s  f o r  g e n e r a t i o n  of  Lhe b a s i c  

thermodynamic d a t a  needed s i n c e  t h i s  would b e  beyond t h e  s c o p e  

o f  t h i s  d i s c u s s i o n  n o r  w i l l  any  e f f o r t  b e  made t o  d i s c u s s  

n u m e r i c a l  methods and d i g i t a l  computer  programming t e c h n i q u e s  

t h a t  a r e  used  i n - t h e  machine c a l c u l a t i o n s .  
. . 

ASSUMPTIONS 

T h e r e  are s e v e n  a s s u m p t i o n s  upon which t h e o r e t i c a l  p r o p e l l a n t  

pe r fo rmance  c a l c u l a t i o n s  a r e  b a s e d .  These a r e :  

- 1. Thermodynamic e q u i l i b r i u m  i s  reached '  i n  t h e  

combus t i o n  chamber a f t e r  a d i a b a t i c  r e a c t i o n .  

2 .  Expans ion  t h r o u g h  t h e  n o z z l e  i s  i s e n t r o p i c .  

3. P r o d u c t s  o f  combust ion  behave  as i d e a l  g a s e s .  

4, The e x p a n s i o n  p r o c e s s  i n v o l v e d  t h e  one-dimensional  

. .  . f l o w  o f  i n v i s c i d  i d e a l  g a s e s .  

5 .  The v e l o c i t y  o f  t h e  g a s e s  a t  t h e  n o z z l e  e n t r a n c e  

is  z e r o ;  i e .  , t h e  combust ion  chamber i s  a n  

i a f i n i  t e  r e s e r v o i r .  



6 ,  The p r o p e l l a n t s  ' a s e . c h e m i c a l l y  p u r e ,  

7, I n i t i a l  p r o p e l l a n t  t e m p e r a t u r e  i s  room t e m p e r a t u r e  

for s t o r e a b l e  p r o p e l l a n t s  a n d  t h e  b o i l i n g  tempera- 

t u r e  a t  one  a t m o s p h e r e  p r e s s u r e  f o r  c r y o g e n i c s ,  

CONSTANT COMPOSITION FLOW 

- The f i r s t  s t e p  i n  a p e r f o r m a n c e  c a l c u l a t i o n  i s  t o  c a l c u l a t e  

the a d i a b a t i . ~  f l a m e  t e m p e r a t u r e .  From a c o n c e p t u a l  p o i n t  o f  

v ies ,  t h e  r e a c t i o n  i s  presumed t o  t a k e  p l a c e  a t  c o n s t a n t  

t e m p e r a t u r e ,  S i n c e  r o c k e t  p r o p e l l a n t  r e a c t i o n s  a r e  e x o t h e r m i c ,  

t h i s  p r o c e s s  w i l l  be accompanied by a h e a t  r e l e a s e ,  The h e a t  

r e l e a s e d ,  h e a t  o f  r e a c t i o n ,  f a  then presumed t o  h e a t  t h e  

p r o d u c t s  t o  some t e m p e r a t u r e  above t h e  i n i t i a l  t e m p e r a t u r e .  

T h e  s t e p s  i n  t h e  c a l c u l a t i o n  a r e  o u t l i n e d  below. 

c o n s i d e r  a generalized r e a c t l o n  

The hea t  o f  r e a c t i o n  i s  given by 

T h i s  beat o'f r e a c t i o n ,  Q, i s  a b s o r b e d  by the  p r o d u c t s  t h e r e b y  

i n c r e a s i n g  t h e  t e m p e r a t u r e  o f  the  p r o d u c t s  t o  t b e  combust ion  

. t e m p e r a t u r e ,  A n a l y t i c a l l y  t h i s  becomes 

where  t h e  a p p o e r  l i m i t  Tc i s  t h e  combust ioa  t e m p e r a t u r e ,  
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Z o  = ~n + n,, + nHs,= 0 -a. ( 1 0 ~  

where  e q s .  ( l o a ) ,  ( I O ~ ) ,  and ( 1 0 c )  c o r r e s p o n d  t o  eq.  (6) .  

The t o t a l  q u a n t i t y  of c a r b o n ,  hydrogen and oxygen is f i x e d  b y  

t h e  q u a n t i t y  of l i q u i d  oxygen a n d  methane wh i l e  the  value of 

t h e  e q n i l i b r i u m  c o n s t a n t ,  Kp i s  f i x e d  by t h e  combust ion 

t e m p e r a t u r e .  Thus,  e q s .  ( 9 )  and (10)  c o n s t i t u t e  a s e t  of  

f o u r  s i m u l t a n e o u s  e q u a t i o n s  for t h e  f o u r  unknowns flHG3 YI 
-1 , 

It  i s  n o t  c o n v e n i e n t  t o  u s e  eq.  (9) i n  t h e  

form g i v e n  s o  t h e  f o l l o w i n g  s u b s t i t u t i o n  i s  made 

a n d  eq .  (9) becomes 

E l i m i n a t i o n  o f  fico,, nuio and 
fl% 

from e q s .  (10)  and  (13) 

y i e l d s  



which i s  a q u a d r a t i c  e q u a t i o n  f o r  M,, . No 8iff ic 'ul . t ;y  s h o u l d  

be e n c o u n t e r e d  w i t h  t h e  n o t a t i o n  i n  e q ,  (14)  s i n c e  i t  i s  c l e a r  

that  t h e  symbols  C, H,  and  0  r e f e r  t o  t h e  gram-atoms o f  o a r b o n ,  

h y d r o g e n ,  and oxygen i n  t h e  p r o p e l l a n t  system. 

T h i s  p a r t i c . u l a r  a p p r o a c h  i s  v a l i d  when ' t h e  a n t i -  

c i p a t e d  t e m p e r a t u r e  i s  s u f f i c i e n t l y  low t o  j u s t i f y  n e g l e c t i n g  

m o l e c u l a r  d i s s o c i a t i o n .  That  is' t o  s a y ,  t h e  approach  p r e s e n t e d  

a b o v e  i s  u s e f u l  f o r  low o r  h i g h  m i x t u r e  r a t i o s .  

A D I A B A T I C  FLAkfE TEkfPERATURE CALCULATION FOR A EJGH TEMPERATURE 
- 

C ,  EX, 0 SYSTEM. 
-. 

Once a g a i n  l e t  as c o n s i d e r  t h e  p r o p e l l a n &  s y s t e m  

- l f q u i d  oxygen and g a s e o u s  methane.  I n  t h i s  c a s e ,  the m i x t u r e  

r a t i o  w i l l  b e  s u c h  t h a t  d i s s o c i a t i o n  must be  t a k e n  i n t o  a c c o u n t ,  

' T h e  o v e r a l l  r e a c t i o n  i s  

The e q u i l i b r i a  f o r  t h i s  sys tem a r e  
J 

-L A . . 
~ 0 % -  0 (16 ) 

and t h e  mass b a l a n c e  e x p r e s s i o n s  a r e  



In  terms o f  equi l ibr ium constants e q s .  ( 1 6 ) ,  (171, ( 1 8 ) ,  ( 1 9 )  

and ( 2 0 )  become . . 

% 
-. -. P,, Tu, .  (28 1 

B e ,  
- Equations ( 2 1 1 ,  ( 2 2 1 ,  and (23) may be expressed i n  terms of 

part ial  pressures by n o t i n g  that 

and 

s o  that , I 

( 3 1 )  



where )(& = mole fraction of species 2 
-- 

ni = moles of species i 
( ~ r  = total number of moles 

p = system pressure 
$? = partial pressure of species i 

b - 

Substituting eq. (31) into eqs. (21), ( 2 2 ) ,  and (23) yields 

and thus eqs. (241, (25), (26), ( 2 7 ) ,  (281 ,  (321, ( 3 3 ) ,  and 

'(34) constitute a set of eight simultaneous equations in 

eight unknowns, Solving this set of simultaoeous equations 

for 
, -- , TH yields 

a. 





S t r i c t l y  s p e a k i n g ,  eq. (35)  has two unknowns which  a r e  the  

p a r t i a l  p r e s s u r e  o f  n o l e c u l a r  hydrogen and t h e  t o t a l  number 

o f  moles .  T h i s  p r e s e n t s  no g r e a t  d i f f i c u l t y  s i n c e  t h e  first 

e s t i m a t e  for t h e  t o t a l  number o f  moles  may be made by u s i n g  

the t o t a l  number o f  moles o f  p r o p e l l a n t ,  The second  i t e r a t i o n  

w i l l  u s e  t h e  t o t a l  number o f  moles from t h e  f i r s t  i t e r a t i o n  

. and  s o  o n .  Us ing  eq .  ( 3 5 )  w i t h  e q s .  (241, ( 251 , ;  (261, (27) s ' 

(28), (32), (33), and ( 3 4 ) ,  and t h e  c o n d i t i o n s  g i v e n  by 

e q s .  ( 5 a )  and  ( ~ b ) ,  i t  i s  p o s s i b l e  t o  c a l c u l a t e  t h e  a d i a b a t i c  

f l ame  t e m p e r a t u r e .  Once t h e  f lame t e m p e r a t u r e  has been c a l c u -  

l a t e d  t h e  r e m a i n i n g  p a r t s  o f  t h e  per formance  c a l c u l a t i o n  a r e  

q u i t e  e a s y  t o  a c c o m p l i s h .  

C O N l l l N U A T I O N  OF PERFQRhIAKCE CXLCU1,ATIOK FOR CONSTANT - 

COMPOSITION NOZZLE FLOW 

I t  was a s s u a e d  t h a t  t h e  f l o w  p r o c e s s  would be i s e n t r o p i c  and 

t h e r e . i o r e ,  t h e  n e x t  s t e p  i s  t o  c a l c u l a t e  t h e  chamber e n t r o p y .  

F o r  t h i s  c a l c u l a t i o n ,  an  e f f e c t i v e  m o l e c u l a r  w e i g h t  o f  t h e  

cambus t ion  p r o d u c t s  i s  needed.  T h i s  i s  c a l c u l a t e d  u s i n g  

The chamber e n t r o p y  i s  computed from t h e  r e l a t i o n  

We c a l c u l a t e  t h e  n o z z l e  e x i t  t e m p e r a t u r e  s u b j e c t  t o  t h e  condi -  

t i o n  t h a t  t h e  f l o w  i s  i s e n t r o p i c .  Equa t ion  (37) may be  w r i t t e n  



..Again a n  i t e l r a t i v e  t e c h n i q u e  is u s e d  t o  o b t a i n  t h e  exit- . 

t e m p e r a t u r e .  Assume an e x i t  t e m p e r a t u r e  and  an e x i t  p r e s s u r e  

and  s u b s t i t u t e  i n  e q u a t i o n  (38) a l o n g  w i t h  t h e  moles  n ,  c a l c u -  

l a t e d  p r e v i o u s l y ,  When S e  i s  e q u a l  t o  Sc ,  t h e  e x i t  t e m p e r a t u r e  

f o r  f r o z e n  f l o w  i s  o b t a i n e d , '  

The ex5 t en thakpy  i s  g i v e n  by 

and m e  n o t e  t h a t  t h e  chamber e n t h a l p y  was given by 

C o n s e r v a t i o n  of e n e r g y  r e q u i r e s  t ha t  

Where use has been  made o f  t h e  assumpt ion  tha t  gas v e l o c i t y  

i n  the  c o n b u s t f o n  chamber is z e r o .  V e l o c i t y  i s  c o n n e c t e d  

t o  t h r u s t  t h r o u g h  Nemtonls  s e c o n d  l a w  o f  motion 
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aod thus c o m b i n a t i o n  o f  e q u a t i o n s  ( 4 2 )  a n d  

/ - 

(43) y i e l d s  

CHARACTERISTIC VELOCITY 

The c h a r a c t e r i s t i c  v e l o c i t y  i s  d e f i n e d  by 

. . 2 
(45) 

w h i c h  may b e  w r i t t e n  on t h e  f o l l o w i n g  a p p r o x i m a t e  fo rm 

C 
(46) 

E q u a t i o n  (45) i s  u s e f u l  i n  t h e  t r e a t m e n t  o f  e x p e r i m e n t a l  d a t a  

but n o t  v e r y  c o n v e n i e n t  f o r  t h e o r e t i c a l  c a l c u l a t i o n s .  On t h e  

o t h e r  h a n d ,  e q u a t i o n  (46)  has been  used  q u i t e  e x t e n s t v e 1 y  f o r  

t h e o r e t i c a l  p u r p o s e s  and  i s  u s e f u l  f o r  d e m o n s t r a t i n g  t h e  de- 

- p e n d e n c e  o f  c h a r a c t e r i s t i c  v e l o c i t y  on combus t ion  t e m p e r a t u r e ,  

a v e r a g e  m o l e c u l a r  w e i g h t  o f  t h e  g a s e s ,  and  s p e c i f i c  h e a t  r a t i o .  

However ,  e q u a t i o n  ( 4 6 )  i s  a n  a p p r o x i m a t i o n  s i n c e  t h e  d e v e l o p -  

m e n t  o f  t h i s  equa t - i on  i n v o l v e s  t h e  a s s u m p t i o n  t h a t  t h e  s p e c i f i c  

h e a t  r a t i o  i s  i n d e p e n d e n t  o f  t e m p e r a t u r e  o r  t h a t  a s u i t a b l e  

a v e r a g e  v a l u e  may b e  a s s i g n e d  t o  t h e  r a t i o  o f  s p e c i f i c  h e a t .  

An a v e r a g e  v a l u e  f o r  t h e  s p e c i f i c  h e a t  r a t i o  

may be o b t a i n e d  f rom the  chamber  and  e x i t  c o n d i t i o n s .  



F i n a l  Ey 

The a v e r a g e  value f o r  the s p e c i f i c  h e a t  r a t i o  may b e  u s e d  i n  

eq.  (46 )  t o  o b t a i n  a r e a s o n a b l y  good  e s t i m a t e  f a r  t h e  c h a r a c t e r -  

i " s t l c  v e l o c i t y .  

The d i f f i c u l t i e s  a s s o c i a t e d  w i t h  e q u a t i o n  ( 4 6 )  a r e  c i r c u m v e n t e d  

i n  t h e .  Rocke tdyne  N-element  p r o p e l l a n t  p e r f o r ~ n a n c e  program by  

c o m b i n i n g  e q u a t i o n  ( 4 5 )  w i t h  t h e  c o n t i n u i t y  e q u a t i o n  t o  y i e l d  

C = 
The PV p r o d u c t  i s  a maximum a t  t h e  n o z z l e  t h r o a t ,  and  t h i s  

c r i t e r i o n  i s  u s e d  t o  d e t e r m i n e  t h r o a t  c o n d i t i o n s  a n d  c h a r a c t e r -  

i s t i c  v e l o c i t y .  T h i s  i s  a c c o m p l i s h e d  b y  a s s u m i n g ' v a r i o u s  v a l u e s  

f o r  n o z z l e  p r e s s u r e  a n d  c a l c u l a t i n g  t h e  t e m p e r a t u r e  a n d  composi-  

. t i o n  as d i c t a t e d  by t h e  i s e n t r o p i c  f l o w  r e q u i r e m e n t .  Gas d e n s i t y  
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S H f  FTING EQUILIBRIUM CALCULATION TECHNIQUE 

. The a d i a b a t i c  f l ame .  t e m p e r a t u r e ,  o r  chamber 

t e m p e r a t u r e ,  fs c a l c u l a t e d  as d e s c r i b e d  above f o r  t h e  c o n s t a n t  

c o m p o s i t i o n  f l o w .  I n  t h e  s h i f t i n g  e q u i l i b r i u m  c a l c u l a t i o n ,  

n o z z l e  f l o w  f i e l d  p r o p e r t i e s  a r e  c a l c u l a t e d  a t  a number o f  

p o i n t s  be tween  t h e  chamber and t h e  n o z z l e  e x i t .  The s h i f t i n g  

e q u i l i b r i u m  c a l c u l a t i o n  i s  compr i sed  of  a s e r i e s  o f  e n t r o p y  

b a l a n c e  d e t e r m i . n a t i o n s .  

A v a l u e  f o r  t h e  chamber e n t r o p y  i s  c a l c u l a t e d  

u s i n g  eq .  (37) .  A v a l u e  f o r  t h e  n o z z l e  p r e s s u r e  i s  s e l e c t e d  

and t h e n  e q s .  ( 5 ) ,  ( 6 ) ,  and (38) a r e  u s e d  t o  d e t e r n i n e  t h e  

t e m p e r a t u r e  a n d  c o m p o s i t i o n  s u b j e c t  t o t h e  c o n d i t i o n  t h a t  t h e  

e n t r o p y  r e m a i n  c o n s t a n t .   and c a l c u l a t i o n s  a o n l d  be q u i t e  

l a b o r i o u s  so t h a t  t h e  p r a c t i c a l  method f o r  making a s h i f t i n g  

e q u i l i b r i u m  c a l c u l a t i o n  r e q u i r e s  t h e  u s e  of  a d i g i t a l  -computer .  

I t  s h o u l d  b e  p o i n t e d  o u t  that  t h e  f r o z e n  composi- .  

t i o n  c a l c u l a t i o n  i m p l i c i t l y  assumes t h a t  c h e m i c a l  r e a c t i o n  

r a t e s  are z e r o  and t h e  s h i f t i n g  e q u i l i b r i u m  c a l c u l a t i o n  assumes 

t h a t  chen . i ca1  r e a c t i o n  r a t e s  a r e  i n f i n i t e l y -  f a s t .  T h e r e f o r e ,  

a t h i r d  method of  t h e o r e t i c a l  pe r fo rmance  c a l c u l a t i o n  i s  t h e  

s o - c a l l e d  k i n e t i c  pe r fo rmance  where in  measured chemica l  r e a c t i o n  

r a t e s  a r e  u s e d  i n  t h e  c h e m i c a l  c o m p o s i t i o n  c a l c u l a t i o n .  



KINETIC PERFORMANCE - . 

On -- t h e  b a s i s  o f  p h y s i c a l  g r o u n d s ,  it i s  c l e a r  

t h a t  t h e  a s s u m p t i o n  o f  z e r o  c h e m i c a l  r e a c t i o n  r a t e  o r  i n f i n i t e  

c h e m i c a l  r e a c t i o n  r a t e  i s  n o t  r e a l i s t i c  b u t  r a t h e r  c o n s t i t u t e s  

a p a i r  o f  l i m i t i n g  a s s u m ~ t i o n s .  A more r e a l i s t i h  c a l c u l a t i o n  

o f  p r o p e l l a n t  pe r fo rmance  would i n c l u d e  c h e m i c a l  r e a c t i o a r a t e  
i 
i d a t a  f o r  t h o s e  r e a c t i o n s  t h a t  c o n s t i t u t e  t h e  r a t e  l i m i t i n g  . 

s t e p s .  T h i s  means t h a t  t h e  s l o w e s t  r e a c t i o n s  would b e  r e p r e -  

. s e n t e d  by  r e a c t i o n  r a t e  e x p r e s s i o n s  and t h e  f a s t e s t  r e a c t i o n s  

wo'uld b e  t r e a t e d  as h a v i n g  a c h i e v e d  chemica l  e q u i l i b r i u m  . 
- 

i n s t a n t a n e o c s l y .  F o r  example ,  t h e  f o r m a t i o n  of  hydrogen 

f l u o r i d e  from hydrogen and f l u o r i n e  may be r e p r e s e n t e d  as 

f o l l o w s  : 

H + F C I P  ( 5 6 )  - 

Eq. ( 5 6 )  i s  t h e  sum o f  e q s .  (54)  and (53) w i t h  eq* ( 5 4 )  Pro- 
I 

' c e e d i n g  a t  a r a t e  t h a t  i s  o r d e r s  o f  magni tude  l e s s  t h a n  t h e  1 
i 

r a t e  for e i .  (55) .  T h e r e f o r e ,  t h e  r a t e  o f  f o r m a t i o n  O ~ . H F  
. - 

i s  c o n t r o l l e d  b y  t h e  s low s t e p  - eq. ( 5 4 ) .  

I n  g e n e r a l  t h e  r e a c t i o n s  t h a t  w i l l  c o n s t i t u t e  

r a t e  c o n t r o l l i n g  s t e p s  i n  n o z z l e  f low problems a r e  r e c o n b i -  

n a t i o n  r e a c t i o n s .  The r e c o m b i n a t i o n  o f  hydrogen atoms t o  - 

form hydrogen n o l e c u l e s ,  of  hydrogen anC oxygen atoms t o  

form w a t e r ,  and o f  f l u o r i n e  atoms t o  form f l u o r i n e  m o l e c u l e s  

are t y p i c a l .  These r e a c t i o n s  a r e  i m p o r t a n t  i n  n o z z l e  f l o w  

becaus  



t e m p e r a t u r e  s o  t h a t  as t h e  t e m p e r a t u r e  d e c r e a s e s  d u r i n g  . 

n o z z l e  f l o w  t h e  r a t e  o f  r e c o m b i n a t i o n  i n c r e a s e s .  

- The k i n e t i c  pe r fo rmance  c a l c u l a t i o n  b e g i n s  as 

d e s c r i b e d  above  f o r  t h e  f r o z e n  and s h i f t i n g  compos i t ion  cal- 

c u l a t i o n s .  A d i f f e r e n c e  a p p e a r s  i n  t h e  n o z z l e  f low c a l c u l a t i o n  

where t h e  f l o w  f i e l d  c o m p o s i t i o n  i s  de te rmined  by a  combinat ion  

.of c h e m i c a l  k i n e t i c s  and  m a s s  c o n s e r v a t i o n  c o n s i d e r a t i o n s .  

The r e a c t i o n  k i n e t i c  e q u a t i o n s  may be r e p r e s e n t e d  i n  a  g e n e r a l  

way b y  a r e a c t i o n  e x p r e s s i o n  

J 

where : Nr = t o t r r ?  nnnber of  r e a c t i o n s  

I " = s t o i c h i o m e t r i c  c o e f f i c i e n t s  of t h e  A,, Adj {tli s p e c i e s  i n  t h e  j r e a c t i o n  
- 

$ Jlrbj - 
= s p e c i f i c  r e a c t i o n  r a t e s  o f  t h e  f o r -  

v a r d  and ackward chemica l  changes  

s y s t  ere 
d i n  t h e  j r e a c t i o n  o f  t h e  chemica l  

M ;  - - c o n c e n t r a t i o n  o f  t h e  (& s p e c i e  

R a t e s . o f  change  of  t h e  c o n c e n t r a t i o n s  o f  t h e  s p e c i e s  a r e  

d e t e r m i n e d  by 

[a;; .I 

where : n = t o t a l  number o f  chemica l  s p e c i e s  
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' .  

' and t h e  momentum e q u a t i o n  may b e  w r i ~ t e n  
-- 

- e-. 8ur = .dP - (61) 

We a p p l y  I h e  f i r s t  law of  thermodynamics t o  a u n i t  mass o f  

t h e  m i x t u r e  

du +?AN = o  (62 

W i t h  t h e  e n t h a l p y  p e r  u n i t  mass d e f i n e d  by 

we d i f f e r e n t i a t e  eq .  ( 6 3 )  and i n s e r t  t h e  r e s u l t  i n  

eq, ( 6 2 )  t o  o b t a i n  

Combining e q s .  ( 6 1 )  and ( 6 4 )  g i v e s  

The e n t h a l p y  h o f  eq .  (66)  i s  d e t e r m i n e d  by 

Nk-xt, we n o t e  t h a t  t h e  h e a t  o f  f o r m a t i o n  o f  N2Q4 i s  the  

d i f f e r e n c e  o f  t h e  mola r  e n t h a l p i e s  o f  t h e  two r e a c t i n g  

s p e c i  e s  

D e f i n i n g  = w h e r e p i  i s  the m o l e c u l a r  weight o f  the  

i s p e c i e s ,  we f i n d  i r o n  ep.  (68) 

since . I n t r o d n c i n g  e q ,  (69) i n t o  1 PM~JJ = 2 / l r s .  
eq. ( 6 7 )  y i e l d s  



where t h e  a; is mass f r a c t i o n  o f  t h e  ia species. 

I t  was i n i t i a l l y  s t a t e d  t h a t  we would assume t h e  r e s e r v o i r  

c o n d i t i o n s  t o  be  such t h a t  t h e  N204 i s  fully d i s s o c i a t e d  

and t h e r e f o r e  (O ) i s  known s o  t h a t  we may write 
Nf9 0 

I n s e r t i n g  eq .  ( 71 )  i n t o  eq. (70) y i e l d s  

and t h e  energy eq.  ( 6 6 )  becomes 

The i d e a l  gas e q u a t i o n  o f  s t a t e  f o r  t h e  rnix*ure i s  g i v e n  by . 

The mass f r a c t i o n  o f  t h e  n i t r o g e n  i s  given by 

0 = I - (aHa M?. 0 (76 1 
W i t h  eqs .  (71), (75) and  ( 7 6 )  t h e  e q u a t i o n  of s t a t e  becomes 



A c o m p l e t e  d e s c r i p t i o n  o f  t h e  f l o w  p r o c e s s  i s  o b t a i n e d  by 

a d d i n g  t h e  r e a c t i o n  r a t e  e q u a t i o n  

The c o n s t a n t  o f  i n t e g r a t i o n  f o r  t h e  c o n t i n u i t y  e q u a t i o n  is' 

t h e  mass f l o w  s o  t ha t  

The i n t e g r a t i o n a x  c o n s t a n t  f o r  t h e  ene rgy  equation, eq.  (73), 

may b e  e v a l u a t e d  i n  t h e  r e s e r v o i r  where *rlLeJz and 

2 and e q ,  (72) becomes 

I n t e g r a t i o n  o f  e q -  (73)  w i t h  eq.  ( 8 0 )  y i e l d  

We now have  f i v e  e q u a t i o n s ,  eq.  ( 7 9 ) ,  ( 6 1 ) ,  ( e l ) ,  ( 7 7 1 ,  and 

(78) w i t h  t h e  f i v e  unknowns P ,  f3 , T ,  w an& Or( . The nurner- 
;r J 

i c a l  p r o c e d u r e  i n v o l v e s  a n  i t e r a t i o n  p r o c e s s  i n  which  t h e  

c o m p o s i t i o n  o f  t h e  m i x t u r e  i s  e s t i m a t e d  and t h e n  c o r r e c t e d .  



The s i m u l t a n e o u s  s o l u t i o n  o f  e q u a t i o n s  - ( 7 9 ) ,  

(611,  ($11, (771,  and  (78)  i s  r e a l i z e d  by i n c l u d i n g '  t h e  

c o n s t r a i n t  o f  i s e n t r o p i c  f low.  This l i m i t a t i o n  i s  r e q u i r e d  

f o r  ach ievement  of a un ique  s o l u t i o n  t o  t h e  f o r e m e n t i o n e d  . 

set o f  P i m u l t a n e o u s  e q u a t i o n s .  I& e f f e c t ,  t h e  i s e n t r o p i o  

c o n d i t i o n n  i m p l i e s  t h a t  a t  a n y  p o i n t  i n  t h e  f l o w  a comple te  

r e v e r s a l  o f  the p r o c e s s  may be a c h i e v e d  by an i n f i n i t e s r n a l  

'change i n  t h e  f l o w  f i e l d  p r o p e r t i e s .  

BRAY ANALYSIS 

The Bray a n a l y s i s  is a t e c h n i q u e  f o r  e s t i m a t i n g  - 

k i n e t i c  p e r f o r m a n c e  w i t h o u t  t h e  a r d u o u s  d e t a i l  d e s c r i b e d  

- above .  K. N. C.  Bray ,  a n  E n g l i s h  a e r o d y n a m i c i s t ,  f i r s t  

s u g g e s t e d  tha t  t h e  a n a l y s i s  o f  h y p e r s o n i c  wind t u n n e l  f low 

c o u l d  be  a c h i e v e d  by assuming t h e  comple te  c h e m i c a l  e q u i l i -  

b r i u m  h o l d s  u n t i l  a p o i n t  i n  t h e  f l o w  f i e l d  i s  r e a c h e d  where 

t h e  c h e m i c a l  k i n e - t i c  r a t e  of  r e c o m b i n a t i o n  i s  e q u a l  t o  t h e  

r a t e  o f  r e c o m b i n a t i o n  c a l c u l a t e d  from t h e  thermodynamics o f  

t h e  f l o w  and  t h e r e a f t e r  c o n s t a n t  compos i t ion  f l o w  p r e v a i l s .  

.Such an  a n a l y s i s  i s  m e c h a n i c a l l y  l e s s  complex t h a n  t h e  . k i n e t i c  

a n a l y s i s  and  t h e  f o r m e r  y i b l d s  r e s u l t s  t h a t  a r e  i n  good agree -  

ment w i t h  t h e  l a t t e r .  A s  fn t h e  k i n e t i c  a n a l y s i s ,  t h e  Bray 

a n a l y s i s  u t i l i z e s  a ' n o z z l e  geometry  and t h e r e b y  l o s e s  some 

of  t h e  g e n e r a l i t y  o f  t h e  s h i f t i n g  and f r o z e n  i m p o s i t i o n  f low 

a n a l y s i s .  



T h e  s i m u l t a n e o u k  s o l u t i o n  o f  e q u a t i o n s  - ( 7 9 ) ,  

(611,  ($I) ,  (771 ,  and  (78)  i s  r e a l i z e d  b y  i n c l u d i k & . t h e  

i o n s  t r a i n t  o f  i s e n t r o p i c  f low.  T h i s  l i m i t a t i o n  i s  r e q u i r e d  

f o r  a c h i e v e m e n t  o f  a u n i q u e  s o l u t i o n  t o  t h e  f o r e m e n t i o n e d  . 

set of s i m u l t a n e o u s  e q u a t i o n s .  1n e f f e c t ,  t h e  i s e n t r o p i c  

c o n d i t i o n n  i m p l i e s  t h a t  a t  a n y  p o i n t  i n  t h e  f l o w  a comple te  

r e v e r s a l  o f  t h e  p r o c e s s  may b e  a c h i e v e d  by an i n f i n i t e s m a l  

change  i n  t h e  f l o w  f i e l d  p r o p e r t i e s .  

BRAY ANALYSIS 

The Bray a n a l y s i s  i s  a t e c h n i q u e  f o r  e s t i m a t h n g  
-- 

k i n e t i c  p e r f o r m a n c e  w i t h o u t  t h e  a r d u o u s  d e t a s l  d e s c r i b e d  

' a b o v e .  K, N. C ,  Bray ,  a n  E n g l i s h  a e r o d y n a m i e i s t ,  f i r s t  

s u g g e s t e d  tha t  t h e  a n a l y s i s  o f  h y p e r s o n i c  wind t u n n e l  f low 

c o u l d  b e  a c h i e v e d  by assuming t h e  c o m p l e t e , c h e m i c a l  e q u i l i -  

b r i u m  b o l d s  u n t i l  a p o i n t  i n  t h e , f l o w  f i e l d  i s  r e a c h e d  where 

t h e  c h e m i c a l  k i n e - t i c  r a t e  o f  r e c o m b i n a t i o n  i s  e q u a l  t o  t h e  

r a t e  o f  r e c o m b i n a t i o n  c a l c u l a t e d  fron t h e  thermodynamics o f -  

t h e  f l o w  and t h e r e a f t e r  c o n s t a n t  compos i t ion  f l o w  p r e v a i l s .  

.Such an  a n a l y s i s  i s  m e o h a n i c a l l y  i e s s  complex t h a n  t h e  . k i n e t i c  

a n a l i s i s  and  t h e  f o r m e r  ; i e l d s  r e s u l t s  t h a t  a r e  i n  good agree -  

ment w i t h  t h e  l a t t e r ,  A s  i n  t h e  k i n e t i c  a n a l y s i s ,  t h e  Bray  

a n a l y s i s  u t i l i z e s  a ' n o z z l e  geometry  and t h e r e b y  l o s e s  some 

o f  t h e  g e n e r a l i t y  o f  t h e  s h i f t i n g  and f r o z e n  i m p o s i t i o n  f low 

' a n a l y s i s ,  



CHAPTER VI 

- GENERALIZED ONE-DINENSI ONAL FLOW 

As i n  c h a p t e r s ,  t h e  emphasis  i s  on 

s t e a d y  f l o w  i n  the o n e - d i m e n s i o n a l r e g i m e  and t h e  f l u i d  is 

assumed t o - o b e y . t h e  i d e a l  gas e q u a t i o n  o f  s t a t e  

where : 

p = ~ R T / L J  
P =. p r e s s u r e  

f = d e n s i t y  
71 = u n i v e r s a l  gas c o n s t a n t  

?- = a b s o l u t e  t e m p e r a t u r e  

= m o l e c u l a r  we igh t  

The assumpt ion  o f  one-d imens iona l  f low i s  j u s t i f i e d  l a r g e l y  

b y  t h e  g r e a t  s i m p l i f i c a t i o n s  i t  makes p o s s i b l e .  I t  f o l l o w s  - .  
then'  t h a t  changes  i n  t h e  s t r e a m  p r o p e r t i e s  a r e  c o n t i n u o u s ,  . 

changes  i n  t h e  s t r e a m  p r o p e r t i e s  normal  t o  t h e  d i r e c t i o n  

o f  f l o w  are n e g l i g i b l e ,  and  t h e  e f f e c t  o f  t u r b u l e n c e  i s  

small .  

ENERGY EQUATION 

We s h a l l  c o n s i d e r  t h e  s t e a d y  f l o w  o f  f l u i d  

t h r o u g h  t h e  c o n t r b l  s u r f a c e  shown i n  F i g u r e  1, 



F i g u r e  1. C o n t r o l  S u r f a c e  f o r  Analysis 
o f  C o n t i n u o u s  Change 

The v a r i o u s  t e r m s  i n  F i g u r e  1 a r e  d e f i n e d  as f o l l o w s :  

A = c r o s s - s e c t i o n a l  area 

M = Mach number 

P = s t a t i c  p r e s s u r e  

Q = h e a t  t r a n s f e r  t o  s t r e a m  
from e x t e r n a l  s o u r c e s ,  
p e r  u n i t  maas a f  s t r e a m  

< .  T = a b s o l u t e  ternperatu;e 

V = s t r e a m  v e l o c i t y  

AU P mass r a t e  o f  f l o w  of  s t r e a m  

= mass r a t e  o f  f l o w  o f  i n j e c t e d  a v ~  g a s  

&r = mass r a t e  o f  f l o w  o f  e v a p o r a t e d  
g a s  

= work d e l i v e r e d  by s t r e a m  t o  
Ws s u r r o u n d i n g s ,  p e r  u n i t  mass 

o f  s t r e a m  



mass d e n s i t y  o f  s t r e a m  

-- = r e f e r s  t o  i n j e c t e d  g a s  
- - 

= r e f e r s  t o  i n j e c t e d  f l u i d  ' 3 which changes  phase  

I n  t h i s  model,  t h e  l i q u i d  s t r e a m  i s  c o n s i d e r e d  t o  be e x t e r n a l  

t o  t h e  sys tem.  Only t h e  l i q u i d  c r o s s i n g  t h e  c o n t r o l  s u r f a c e  

boundary  and e v a p o r a t i n g  w i t h i n  t h e  c o n t r o l  s u r f a c e  i s  t a k e n  

i n t o  a c c o u n t  i n  e v a l u a t i n g  t h e  f l u x  of  e n t h a l p y .  Changes i n  

the  t e m p e r a t u r e  of  the l i q u i d  t r a v e l i n g  a l o n g  w i t h  t h e  s t r e a m  

a r e  t h e n  t a k e n  t o  be  t h e  r e s u l t  o f  e x t e r n a l  heat,  exchange  t o  

o r  from t h e  main s t r e a m .  T h i s  i m p l i e s  t h a t  t h e  l i q u i d  e r a s -  

s i n g  t h e  boundary  i s  s a t u r a t e d  and a t  t h e  t e m p e r a t u r e  of  t h e  

g a s  s t r e a m .  The l i q u i d  p a s s e s  o u t  o f  t h e  c o n t r o l  s u r f a c e  

i n  the  form of vapor  and i t  h a s  a c h i e v e d  the rmal  e q u i l i b r i u m  

w i t h  t h e  main s t r e a m ;  i , e . ,  t h e  t e m p e r a t u r e  o f  t h e  v a p o r  i s  

e q u a l  t o  t h e  ma ins t ream t e m p e r a t u r e .  '- ' 

The sum of  t h e  h e a t  added t o  t h e  s t r e a m  and 

t h e  work done by  t h e  s t r e a m  on e x t e r n a l  b o d i e s  i s  e q u a l  t o  

t h e  i n c r e a s e  o f  s t r e a m  e n t h a l p y ,  k i n e t i c  e n e r g y ,  and po ten-  

t i a l  e n e r g y .  By c o n v e n t i o n  t h e  h e a t  added t o  t h e  sys tem i s  

p o s i t i v e  and t h e  work done on t h e  s u r r o u n d i n g s  i s  n e g a t i v e ;  

t h u s ,  t h e  e n e r g y  e q u a t i o n  f o r  s t e a d y  f low becomes 

dW,) = - ( h +  dh) t (ha), dYJJ c CkJT &A ' 
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.The e l e v a t i o n  i s  t a k e n  a t  t h e  h e i g h t  where 

a r e  measured  s i m i l a r l y  f o r  , Symbols<k 

d e n o t e  t h e  e n t h a l p i e s  o f  t h e  i n j e c t e d  g a s  tempera-  

t u r e  T and a t  t e m p e r a t u r e  Tg a t  w h i c h &  c r o s s e s  t h e  c o n t r o l  
8. 

i u r f a c e ,  r e s p e c t i v e l y .  A l s o ,  t h e  symbol <b) d e n o t e s  t h e  
T 

e n t h a l p y  o f  t h e  e v a p o r a t e d  l i q u i d  a t  t e m p e r a t u r e  T, a n d  

c h i ) ,  d e n o t e s  t h e  e n t h a l p y  o f  e v a p o r a t i n g  l i h u i d  as i t  

c r o s s e s  t h e  c o n t r o l  s u r f a c e  a t  t e m p e r a t u r e  T, 

W e  r e a r r a n g e  eq .  ( 2 )  into t h e  f o i l o w i n g  ' 

. 

- 
form 

F u r t h e r  s impxi  f i c a t i o n  o f  t h e  e n e r g y  equa. t ion i s  p o s s i b l e  

by n o t i n g  t h a t  t h e  e n t h a l p y  change o f  t h e . m a i n  gas s t r e a m  

i s  t h e  sum o f  changes  due t o  c h e m i c a l  r e a c t i o n  and  t o -  
.. 

t e m p e r a t u r e  chznge ;  t h u s  . . 

where i s  t h e  e n t h a l p y  i n c r e a s e  a t  t e m p e r a t u r e  T and  

p r e s s u r e  P due t o  chemical: r e a c t i o n ;  e . ,  f o r  a change  

from r e a c t a n t s  t o  p r o d u c t s .  ' T h i s  i s  t h e  h e a t  o f  r e a c t i o n ,  



k F 1 9 . (  
4- G 1 0 u 'El + *Sq 

c u R t k f 3  

I 
a, k 

l d a r n o  
E 4 C k  

rn a,' 
*#-I 'k 
d * 
i= . m  



H e r e a f t e r ,  we s h a l l  assume t h a t  t h e r e  a r e  no  d i f f e r e n c e s  i n  

e l e v a t i o n  a n d  t h u s  t h e  m i l l  n o t  a p p e a r  i n  t h e  s u b s e -  

quen t disc ; -ss ion.  

IifObIEhlTUhi E Q U A T I O N  

To o b t a i n  t h e  momentum e q u a t i o n ,  me a p p l y  
- 2 

N e v t o n f s  sec.ancl lam o f  m o t i o n  t o  t h e  c o n t r o l  volume.  Tlle n e t  , 

force a c t i n g  on t h e  s y s t e m  i s  e q u a t e d  t o  t h e  i n c r e a s e  ~f 

momentum f l u x  o f  t h e  s t r e a m s  f l o w i n g  t h r o u g h  t h e  c o n t r o l  

s u r f a c e .  C o n s i d e r  f o r c e s  a c t i n g  i n  t h e  d i r e c t i o n  o f  f l o w  

as p o s i t i v e .  I n  a d d i t i o n ,  i t  i s  assumed t h a t  t h e  i n j e c t e d  . . 

g a s  and  l i q u i d  s t r e a m s  a r e  a t  t h e  c o n t r o l  s u r f a c e  p r e s s u r e  

as the 'y  c r o s s  t h e  bounda ry  and  t h e  a n g l e  o f  d i v e r g e n c e  o f  

t h e  v a l l s  i s  sma l l .  The momentum e q u a t i o n  becomes 

t h e  vall a r e a  dfl ; i s  t i l e  sum o f  ( 3 )  t i l e  d r a g  o f  b o d i e s .  
W 

i m n e r s e d  i n  t h e  s t r e a m  n i t h j n  t h e  c o n t r o l  s u r f a c e  b o t l n d a r i e s ,  

a n d  (b) t h e  component  o f  body  o r  g r a v i t y  f o r c e s  a c t i n g  on t h e  

f l u i d  w i t h i n  t h e  c o n t r o l  s u r f a c e  i n  t h e  d i r e c t i o n  o p p o s i t e  t o  
I 

t h e  v e l o c i t y  v e c t o r .  The v e l o c i t y  V i s  t h e  f o r ~ a r d  component  
%- 

of  t h e  v e l o c i t y  w i t h  w h i c h  the i n j e c t e d  g a s  B 
t h e  c o n t r o l  s u r f a c e  and  s i m i l a r l y  f o r  



The w a l l  s h e a r i n g  f o r c e  i s  r e l a t e d  t o  t h e  

I t  i s  c o n v e n i e n t  t o  d e f i n e  l l ~ e  f o l l o w i n g  q u a n t i t i e s  

From the d e f i n i t i o n  o f  t h e  h y d r a u l i c  d i a m e t e r  D,  we o b t a i n  

S u b s t i t u t i n g  e q s .  (11), ( l 2 ) ,  and ( 1 3 )  i n t o  

e q .  ( l o ) ,  and n o t i n g  t h a t  

me. o b t a i n  t h e  f i n a l  form o f  t h e  momentum e q u a t i o n  

d, + % ! ~ = ( l - + i f )  - ALY = 
where . . 

chy & 
. (I -9, *- = -2 + ' I  

u ( 1 5 )  



FLOW WITH COKTINUOUS CHANGES FOR VARIABLE MOLECULAR 
WEIGHT AND S P E C I F I C  HEAT 

I n  a d d i t i o n  t o  t h e  e q u a t i o n s  f o r  e n e r g y  a n d  

mamenturn, s e v e r a l  o t h e r  d i f f e r e n t i a l  e x p r e s s i o n s  a r e  r e q u i r e d  

f o r  a n  e f f i c i e n t  f o r m u l a t i o n .  T h e  e q u a t i o n  o f  s t a t e ,  eq. (l), 

may be d i f f e r e n t i a t e d  l o g a r i  t h m l c a l l y  t o  o b t a i n  

From t h e  d e f i n i t i o n  o f  Mach number a n d  t h e  r e l a t i o n  f o r  s o u n d  

v e l o c i t y  i n  a p e r f e c t  gas ,  we g e t  - - 

and 

w h e r e  : c = s o u n d  v e l o c i t y  

-a = s p e c i f i c  h e a t  r a t i o  

The l a t t e r  e x p r e s s i o n s  l e a d  t o  

- dc (21) 
C w 

an d 

From t h e  c o n t i n u i t y  e q u a t i o n ,  m e  o b t a i n  



. i t  s h o u l d  be  n o t e d  t h a t  .&denotes t he  t o t a l  i n c r e a s e  o f  

mass flow i n  t h e  m a i n  s t r e a m  and i n c l u d e s  b o t h  i n j e c t e d  

gas and  e v a p o r a t e d  gas ; tha t  i s  

F u r t h e r m o r e  i f  v a p o r  i s  condensed ,  t h e  t e rm %is  n e g a t i v e  

and  we a l s o  n o t e  t h a t  o(fi r e f e r s  t o  t h e  change i n  c r o s s -  

s e c t i o n a l  a r e a  o c c u p i e d  b y  t h e  main s t r e a m  e x c l u d i n g  t h e  

c r o s s - s e c t i o n a l  a r e a  o f  t h e  i n j e c t e d  s t r e a m  b e f o r e  nlxipg.  

I n  a d d i t i o n ,  i t  i s  assumed t h a t  t h e  i n j e c t e d  s t r e a m s  a r e  
. - 

p e r f e c t l y  mixed a n d  d i f f u s e d  a t  t h e  downstream b o u n d a r y  o f  

t h e  c o p t r o l  s u r f a c e .  

A q u a n t i t y  c a l l e d  t h e  impuise  f u n c t i o n  is  de- 

f i n e d  s u c h  t h a t  t h e  change i n  t h e  f u n c t i o n  r e p r e s e n t s  t he  
. .. 

t o t a l  f o r c e  e x e r t e d  by  the  s o i i d  b o u n d a r i e s  oq t h e  s t r e a m .  

Thus 

A s  i n  a l l  aerothermodynamic f l o w s ,  t h e  e n t r o p y  

i s  r e q u i r e d  t o  c o m p l e t e  t h e  f o r m u l a t i o n .  F o r  a p e r f e c t .  

gas ,  t h e  e n t r o p y  change  i s  . . 



a n d  f o r  t h e  main s t r e a m  p l u s  i n j e c t e d  gas and l i q u i d ,  - 
t h e  e n t r o p y  change  i s  g i v e n  by 

Among th'e seven  r e l a t i o n s  g i v e n  by 
. . 

E q u a t i o n s  (181 ,  ( 2 1 )  o r  ( 2 2 ) ,  (241,  (8), (141,  (271,  (28) 

o r  ( 2 9 ) ,  w e  f i n d  t h i r t e e n  v a r i a b l e s .  Consequen t ly ,  s i x  

v a r i a b l e s  may b e  chosen  as i n d e p e n d e n t  and  seven  as depen- 

d e n t .  The i n d e p e n d e n t  v a r i a b l e s  a r e  chosen t o  be  t h o s e  

q u a n t i t i e s  whose v a l u e s  a r e  most e a s i l y  c o n t r o l l e d  i n  a 

p r a c t i c a l  problem,  and e a c h  o f  t h e  dependent  v a r i a b l e s  i s  

e x p r e s s e d  i n  t e r m s  o f  t h e  i n d e p e n d e n t  o n e s ,  F o r  example,  

w e  may show tha t  

The c o e f f i c i e n t s  o f  t h e  independen t  v a r i a b l e s  

a r e  - c a l l e d  i n f l u e n c e  c o e f f i c i e n t s  and a r e  f u n c t i o n s  of  and 

M o n l y ,  A c o m p l e t e  l i s t  o f  the i n f l u e n c e  c o e Y f i c i e n t s  i s  

p r e s e n t e d  ih T a b l e  I .  Some g e n e r a l  a s p e c t s  o f  f l o w  may be 

o b t a i n e d  from t h e  i n f l u e n c e  c o e f f i c i e n t s  w i t h o u t  r e c o u r s e  

t o  a n y  n u m e r i c a l  a n a l y s i s .  I t  w i l l  be  obse rved  t h a t  a l m o s t  

a l l  o f  t h e  i n f l u e n c e  c o e f f i c i e n t s  i n  Table I have  t h e  te rm 

/-Mz i n  the-Oenominator;  t h u s ,  t h e s e  te rms are u n d e f i n e d  Y 
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a t  t h e  eonic p o i n t ;  i . e . ,  a t M = l .  Fur the rmore ,  t h e ' s i g n  

o f  t h e  t e r k s  t h a t  a r e  u n d e f i n e d  a t  Mach one change i n  g o i n g  

--from s u b s o n i c  t o  s d p e r s o n i c  f low c o n d i t i o n s .  In s u b s o n i c  

f l o w  the t e r m  l-fb?is p o s i t i v e  a n d  i n  s u p e r s o n i c  f low t h i s  

t e r m  i s  n e g a t i v e .  T h i s  i n d i c a t e s  t ha t  t h e  e f f e c t  o f  t h e  

v a r i a b l e s  c o n t r o l l e d  by  t h e  i n f l u e n c e  c o e f f i c i e n t  a r e  o f  

o p p o s i t e  s i g n  i n  t h e  two f l o w  regimes .  

.By c o n s i d e r i n g  t h e  i n f l u e n c e  c o e f f i c i e n t s  

i n  T a b l e  I ,  i t  i s  e a s i l y  shown t h a t :  

1. An i n c r e a s e  i n  a r e a  t e n d s  t o  r e d u c e  
-- 

M i n  s u b s o n i c  f low and t o  i n c r e a s e  

i t  i n  s u p e r s o n i c  f l o w  

2. H e a t i n g  o r  combust ion t e n d s  t o  i n c r e a s e  

M a t  s u b s o n i c  s p e e d s  and t o  d e c r e a s e  M 

a t  s u p e r s o n i c  s p e e d s  

3.  The e f f e c t  o f  f r i c t i o n ,  o r  d r a g  a f  

i n t e r n a l  b o d i e s ,  a c t s  t o  i n c r e a s e  M 

. a t  s u b s o n i c  s p e e d s  and t o  d e c r e a s e  M 
- .  

- a t  s u p e r s o n i c  s p e e d s  

4. An i n c r e a s e  i n  mass f low tenCs to '  ,' 

i n c r e a s e  N a t  s u b s o n i c  s p e e d s  and 

. . t o  d e c r e a s e  M a t  s u p e r s o n i c  s p e e d s  

5 .  I f  t h e  m o l e c u l a r  w e i g h t  i s  i n c r e a s e d ,  

t h e  Mach number t e n d s  t o  d r o p  f o r  . 

. s u b s o n i c  f low and t o  r i s e  ofor super -  

s o n i c  f low 
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A l s o ,  t h e  ' ene rgy  e q u a t i o n  becomes 

F i n a l l y ,  t h e  e n t r o p y  change i s  r e l a t e d  t o  t h e  s t a g n a t i o n  - - 
t e m p e r a t u r e  and p r e s s u r e  t h r o u g h  

A s  b e f o r e ,  t h e  e q u a t i o n s  a r e  combined t o  y i e l d  

n i n e  e q u a t i o n s  c o n t a i n i n g  s i x  independen t  v a r i a b l e s .  The 

i n f l u e n c e  c o e f f i c i e n t s  f o r  t h e s e  c a s e s  a r e  p r e s e n t e d  i n  

Table 11. 

A n a l y s i s  o f  t h e  i n f l u e n c e  c o e f f i c i e n t s  i n  

. T a b l e  I1 l e a d s  t o  some u s e f u l  q u a l i t a t i v e  r e s u l t s  r e g a r d i n g  

t h e  s t a g n a t i o n  p r e s s u r e .  These  r e s u l t s  are: 

1. Changes i n  area have no e f f e c t  on 

s t a g n a t i o n  p r e s s u r e .  
4 

2. An i n c r e a s e  i n  s t a g n a t i o n  t e m p e r a t u r e  

. . a lways  t e n d s  t-o r educe  e ,  b e  the 

s p e e d  s u b s o n i c  o r  s u p e r s o n i c .  Thus,  

t h e  s t a g n a t i o n  p r e s s u r e  l o s s  f n  com- 

b u s t i o n  -chambers can n e v e r  b e  e n t i r e l y  



TABLE 2. INFLUENCE COEFFICIENTS : CONSTANT SPECIFIC HEAT 
AND MOLECULAR WEIGUT 



3. F r i c t i o n  and drag always a c t  t o  reduce  

- f o r  b o t h  s u b s o n i c  and s u p e r s o n i c  f low.  

4 .  Gas i n j e c t i o n  tends  t o  d e c r e a s e  if 

3- ; f e e . ,  i f  t h e  g a s  i s  i n j e c t e d  w i t h  

a forward v e l o c i t y  less than t h a t  of  t h e  

main s tream; w h i l e  t h e  s t a g n a t i o n  p r e s s u r e  

t e n d s  t o  b e  i n c r e a s e d  when gas i s  i n j e c t e a  

w i t h  a forward v e l o c i t y  g r e a t e r  than that 

o f  t h e  'main stream. . 



A ,  

SIMPLE TYPES 0F:FLOW 
- ,  W e  s h a l l  d e f i n e  a s l m p l e  t y p e  of  f l o w  as one i n  

which a l l  b u t  t h e  i n d e p e n d e n t  d i f f e r e n t i a l s  i n  T a b l e  2 a r e  

z e r o .  A n a l y t i c a l  r e l a t i o n s  may e a s i l y  be  o b t a i n e d  f o r  t h e  

s e v e r a l  s i m p l e  t y p e s  o f  f low.  For  example,  c o n s i d e r  a 

s i m p l e  a r e a  change ,  Osing  t h e  f i r s t  i n f l u e n c e  c o e f f i c i e n t  

i n  T a b l e  2 ,  we i i n d  
r / l  

(1.~') - (57) . 

J ~ + ( l f  *-r,~) 
I 2. 

E q u a t i o n  (38) i s  the  well-known fo rmula  g i v i n g  t h e  r a t i o  o f  

l o c a l  a r e a  t o  t h r o a t  a r e a  as a f u n c t i o n  of  t h e  l o c a l  Mach 

number f o r  an  i s e n t r o p i c  p r o c e s s .  



TABLE 3 .  FORMULAS FOR SIMPLE TYPES OF ONE-DIMENSI,ONAL FLOW: CONSTANT SPECIFIC BEAT 
AND MOLECULAR WEIGHT 
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